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ABSTRACT

PROTEUS-SN is a three-dimensional, neutron transport code developed at Argonne
National Laboratory. The code is applicable to all spectrum reactor transport calculations,
particularly those in which a high degree of geometric detail is needed to resolve solution
gradients. PROTEUS-SN solves the second order formulation of the transport equation using
the continuous Galerkin finite element method in space, the discrete ordinates approximation
in angle, and the multigroup approximation in energy. PROTEUS-SN’s parallel methodology
permits the efficient decomposition of the problem by both space and angle, permitting large
problems to run efficiently (scalable) on hundreds of thousands of cores. PROTEUS-SN can
also be used in serial or on smaller compute clusters (10’s to 100’s of cores) for smaller
homogenized problems, although it is generally more computationally expensive than
traditional homogenized methodology codes. PROTEUS-SN has been used to model partially
homogenized systems, where regions of interest are represented explicitly and other regions
are homogenized to reduce the problem size and required computational resources.

PROTEUS-SN is based upon sound numerical methodologies from the 1970s as it was
intended to be a demonstration of the available parallelism. It is important to note that these
algorithms are not accelerated significantly and thus performance compared with modern
algorithms may not be optimal. PROTEUS-SN provides forward and adjoint eigenvalue
calculation options using the power method. It treats neutron upscattering (in energy) by using
conventional Gauss-Seidel iteration where each within-group system of equations is solved
using synthetic diffusion accelerated scattering iterations with a SSOR-preconditioned
conjugate gradient method (PETSc library) used to invert the streaming and collision
operator.

A kinetics option based upon the adiabatic form of the quasi-static approximation has
recently been included for performing simple time-dependent calculations in addition to
standard steady state calculations. PROTEUS-SN handles void and reflective boundary
conditions. Multigroup cross sections are generated with the MC?-3 fast reactor multigroup
cross section generation code or the cross section APl. PROTEUS has been demonstrated to
solve 500 billion - 1 trillion degrees of freedom on leadership computing resources.

PROTEUS-SN is written in Fortran 90 and links to the PETSc, METIS, HDF5, and
MPICH libraries. It optionally links against the MOAB library and is a part of the SHARP
multi-physics suite for coupled multi-physics analysis of nuclear reactors.

This document describes the methodology used in the PROTEUS-SN neutronics code,
including theory, derivation, and numerical implementation. A companion user guide
describes how to perform analysis with the code.
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1 Introduction

PROTEUS-SN is a three-dimensional neutron transport code targeted for modeling detailed
geometry nuclear reactor applications. This document provides a basic description of the
methodology in PROTEUS-SN for steady state and time-dependent calculations.

1.1 Background

PROTEUS-SN is a neutron transport code developed at Argonne National Laboratory that
targets problems that require detailed spatial representations in order to resolve difficult spatial
gradients. Spatially detailed solutions require large computational resources in order to (a)
reduce the memory requirements per node and (b) reduce the wall-clock time to solution.
PROTEUS-SN’s implementation permits the parallel decomposition of the problem by both
space and angle, permitting large problems to run on hundreds of thousands of cores.
PROTEUS-SN can also be used in serial or on smaller compute clusters (10’s to 100’s of cores)
for smaller homogenized problems, although it is generally more computationally expensive than
traditional homogenized methodology codes for those conventional problems. PROTEUS-SN
has been used to model partially heterogeneous systems, where the regions of interest are
represented explicitly and other regions are homogenized to reduce the problem size and
required computational resources. Providing accurate multigroup cross sections to PROTEUS is
key to obtaining accurate results in all cases. For homogenized regions, a considerable amount of
work has been done in the past and we rely upon MC?3 [1] for fast reactor cross section
generation. For heterogeneous cross section, considerable research is still required and is thus a
major area of recent work [2].

1.2 Code Summary

PROTEUS-SN is based upon the second order formulation of the transport equation. The
second order “even-parity” form of the transport equation is discretized using the continuous
Galerkin finite element method in space, the discrete ordinates approximation in angle, and the
multigroup approximation in energy. It solves both forward and adjoint eigenvalue problems
using conventional power iteration with up-scattering treatments and only has simple boundary
condition treatments (vacuum and specular reflection). We have recently added an adiabatic
option based on the quasi-static kinetics approximation to allow modeling of simple time-
dependent problems.

Multigroup cross sections are read from *.anlxs or *.1ISOTXS formatted files. The latter is the
native file format for Argonne’s MC?2-3 fast reactor multigroup cross section generation code and
is also the compatible format for Argonne’s well-established neutronics code, DIF3D.
PROTEUS does not perform gamma radiation transport. However, PROTEUS accounts for
power production by gammas by assuming that the gammas are absorbed at the location where
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they are emitted. This is a conventional approximation to account for power production without
implementation of full gamma transport.

The overall solution technique in PROTEUS-SN is discretization of the even-parity transport
equation into a linear system of equations for the even-parity component of the angular flux.
PROTEUS-SN permits parallelization of neutron transport problems in both space and angle
which significantly reduces in the per-processor memory load for a given problem. The efficient
parallel techniques in PROTEUS-SN permit the solution of very large problems. PROTEUS has
been demonstrated to solve 500 billion - 1 trillion degrees of freedom on leadership computing
resources.

PROTEUS-SN is written in Fortran 90 source code and also includes C preprocessor
definitions. The code links against the PETSc [3], METIS [4], HDF5 [5], and MPICH [6]
libraries. It optionally links against the MOAB [7] library and is part of the SHARP [8] multi-
physics suite for coupled multi-physics analysis of nuclear reactors.

ANL/NE-14/5 8
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2 Theory

In this section we describe the history of PROTEUS-SN and provide a detailed description of
the methodology used inside the code.

2.1 History

Development of PROTEUS-SN began in 2005 under the DOE Nuclear Energy Advanced
Modeling and Simulation (NEAMS) program. PROTEUS-SN is the product of an original
research code, termed “UNIC: Ultimate Neutronics Investigation Code”, created to study the
performance of different neutron transport algorithms for the targeted application of transitioning
from homogenized to high-fidelity neutron transport calculations. Several solvers were
developed under the UNIC framework [9], including PN2ND (a spherical harmonics/finite
element method), SN2ND (a discrete ordinates/finite element method), and MOCFE (a 3D
method-of-characteristics on unstructured finite element mesh). The PROTEUS-SN code is
equivalent to the SN2ND code, and previous literature references refer to the code as SN2ND.
The aforementioned codes were tested on various architectures ranging from small Linux
clusters to leadership machines with hundreds of thousands of cores (IBM BG/P and Cray XT5).

Compared to the PN2ND spherical harmonics solver based on the even-parity formulation,
PROTEUS-SN takes more iterative time due to the need for scattering iterations. However,
PROTEUS-SN has a large reduction in memory usage compared to PN2ND due to the greatly
reduced coupling in the angular space of the system of linear equations. Additionally, the
PN2ND solver breaks down for transport problems which have discontinuities in the angular
flux, while the SN2ND solver does not suffer the same consequence. The memory requirements
in MOCFE were considered too large, and an alternative solver PROTEUS-MOC was developed
[10] as an alternative method-of-characteristics technique. PROTEUS-MOC is not discussed in
this manual.

2.2 Summary of Approximations in Angle, Space, Energy and Time
PROTEUS-SN solves the even-parity formulation of the neutron transport equation using the
following approximations for the angular, spatial, and energy variables:

o Discrete ordinates approximation for the angular variable
e Continuous finite element approximation for the spatial variable
e Multigroup approximation for the energy variable

PROTEUS-SN does not include explicit time dependence. However, an adiabatic time-
dependent capability has recently been implemented [11].

2.3 Even-Parity Formulation

PROTEUS-SN is based on the second-order even-parity formulation of the transport equation
which is less widely used than the familiar first-order form. The second-order form was chosen
because it works well with the continuous finite element method for spatial discretization and
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there are considerable problems with scaling sweeping methods based on first order treatments
on unstructured meshes. When the second order formulation is discretized with the continuous
finite element method, the resulting within-group linear system is symmetric positive definite
which allows the well-established parallel conjugate gradient algorithm to be applied. The
parallel conjugate gradient method has been well-established in other physics fields and is
known to have efficient parallel performance.

The second-order formulation has known drawbacks. First, the presence of the inverse total
cross section term results in an ill-posed system of equations for void mediums (due to division
by zero). This issue can be circumvented by homogenization of void regions with neighboring
materials. However, this required homogenization inherently limits the heterogeneous capability
of the code. Finally, the condition number of the matrix corresponding to the discretized system
of equations increases quadratically as the element size is reduced. Further, the condition number
increases considerably as the polynomial order of the element basis functions increase(linear,
quadratic, cubic, etc.). Finally, the methodology does not display more than second order
convergence with respect to spatial mesh refinement, whereas first order forms can display
second or third order accuracy. All of these issues pose serious problems with regard to
modeling, but the even-parity method was chosen as it posed the best case scenario for
performance and scalability (if it performed worse than first order sweeping codes then there is
no point in looking at better continuous finite element treatments). Based on experience, we
recommend using a larger number of linear elements rather than using quadratic elements for
heterogeneous geometry modeling. We note that there are known continuous finite element
schemes which avoid all of the preceding problems, but they have been studied far less than the
current research.

2.4 Derivation of the Second-Order Even-Parity Formulation

To derive the even-parity form of the transport equation upon which PROTEUS-SN is based,
we begin with the time-independent form of the Boltzmann transport equation taken from Lewis
[12].

O-Vy(F,QE)+3,(F,E)y (F,QE) = ”zs(r,fz'—w:, E'— E)y(F,{Y,E)dQ'dE"
2.1
+2(E)[ V2, (7, E)(F, E)dE'+q(F, O, E) &y

In Eq. (2.1), the quantity w(F,<, E) represents the neutron angular flux which is a function of
three space variables (X, y, and z in 1), two angular variables (€ and ¢ in f)), and one energy
variable (E). The quantity #(r,E) is the angular flux integrated over all angles on the unit
sphere. The macroscopic total cross section, X,(r,E), represents the sum of all possible neutron

reaction probabilities with energy E at the point r. Similarly, the scattering kernel
. (F,&Y — O, E' — E) represents the probability that a particle at ¥ with energy E' traveling in

ANL/NE-14/5 10
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the direction €)' is scattered into energy dE about E with direction dQ about Q. The
termvZ, (1, E") represents the total number of fission neutrons being born as a result of a fission
occurring at energy E’ at the point r. These secondary fission source neutrons are emitted with
energy distribution ¥(E). Finally, q(F,<,E) is a generic external fixed neutron source. Note

the implementation of PROTEUS-SN does not currently allow fixed external sources, but we
include the term for completeness.

The first step in a deterministic formulation is to apply a multigroup approach [12] to the
energy dependence of the neutron flux. This approach divides the energy range of interest into G
intervals with an upper energy cutoff, E,, and lower energy cutoff, E_, as seen in Figure 2.1.

Figure 2.1 Splitting of the Energy Range into Energy Groups

Integrating the transport equation over energy group g results in G equations where the
degrees of freedom are the group angular fluxes v (F,Q) defined by Eqg. (2.2),

oA Ega ,. A

y/g(r,Q)=jE w(F,Q, E)dE

L (2.2)
:jgw(r,Q,E)dE, g=1...,G.

The multi-group cross sections in the resulting equations are defined in more detail elsewhere
[12]. Using these relationships, the multigroup Boltzmann transport equation is derived exactly
as

Q-Vy, (F,Q)+2, Py, (F,Q) = i [ 2 g0 (F.Q- )y (7, 2)dY
= (2.3)
2y D Ve (P, (F)+0, (T, Q)
g'=1

It is convenient to lump the group-to-group scattering sources (except the within group
scattering term) into one term called the group source in order to obtain Eq. (2.4), a familiar form
for the within group transport equation:

Q-Vi, (F, Q) +2, (N, (F,Q) =W, (F,) +S,(F,Q) (2.4)

11
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The term Wg(F,fz) represents the within-group scattering source, and the term

Sy (F,€2) represents the fission source, external source, and in-scattering source to energy group

g from other groups. Expanding the differential scattering cross section into Legendre basis
M

functions of M™ order, =_.. _(F,Q-O)=

s.0—>9

(F)P, (Q-€Y), we define the within-group

sg—»gm

and other sources by

M (2.5)
=D [ 2 grgm(FIP Q- Q) (F, Q)Y
S, (F.Q) = ijzsyg.ﬁg(r,é-fz') (F fz)dg'wgzvzf (1), (1) +0, (T, Q)
o (2.6)
= ZZJEWWU)P Q- Q) (F, Q)dsz'wgzvzf o () (F)+0, (7, )

g'#g m=0

To derive the second order even-parity formulation, we define the even-parity component
w:(F,Q) to be the sum of the angular flux evaluated at directions Q and-C2. Similarly, the

odd-parity angular flux z//g‘(F,fz) is defined as the difference of the true angular flux evaluated at

directions Q and—-Q
v,y (1,Q)== (vxg(r Q) £y, (7,~C)) 27)

It follows directly that the angular flux can be written as the sum of the even- and odd-parity
components:

o (F.Q) =y (F.) + 7, (F,) (28)

The even- and odd-parity components of the flux can be shown to have the following
properties, where the function ¢, () represents the group scalar flux.

vy (F.Q) =y, (F,-€Q) (2.9)
j e (F,0)dQ =g, (F) (2.10)
v, (F,Q) =y, (F,~Q) (2.11)

j v, (F,€)dQ=0 (2.12)

ANL/NE-14/5 12
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Inserting the expression for the angular flux (Eqg. (2.8)) into the within-group first order
transport equation (Eqg. (2.4)) yields the following equation.

fz-%[l//g (7, Q) +l//g-(r,fz)}+zt,g () [V/g(r,fz)wg-(r,fz)] =W, (F,Q)+5,(F,Q) (213)

Evaluating Eq. (2.13) at —Q) and adding to Eq. (2.13) vyields the even-parity form of the

transport equation in Eq. (2.14). Evaluating Eq. (2.13) at —Q and subtracting from Eq. (2.13)
yields the odd-parity form of the transport equation given by Eq. (2.15).

Q-Vy (T, )+, (N, (F,Q) =W, (F,Q) +S;(F,Q) (2.14)
Q- (F,Q)+2,, (A, (F,Q) =W, (F,€) +S, (7, ) (2.15)
We have defined the even- and odd-parity components of the within group source by:

Wy (F,Q) = Y [, 0n(F)P(Q-Q)y; (7,Q)dY
. meeven 4, i o . A (216)
W, (F, Q)= 3 [ 20 0n(PIPL(Q-Q)y, (7, )dY
meodd 4
These expressions are derived exactly due to the even and odd dependence on angle of the
Legendre polynomials and the even- and odd-parity fluxes. Written compactly, this is equivalent
to:

W (F, Q) = Z j T (P Q- Oy (F,Q)dY

SO (2.17)
= j SE e (FQ- Oyt (F,Q)dCY.
'y

Similarly, the remaining even- and odd-parity components of the source term are defined in
Eq. (2.18), where the fission source term drops out of the odd-parity component because it is
isotropic.

Sy(F.) =D D [Zeg0m(PIP Q- )y (F, QAN +q; (7)

g'#g m=even

2 D V21 ¢ () (7) (2.18)

S;(F. =Y D [Eugsn (IR Q-0 (FLO)A + G ()

g'#g m=odd

2.5 Application of Discrete Ordinates Approximation
We now make the following two approximations of the angular dependence of the flux,
collectively known as the discrete ordinates approximation.

13
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v, (F,Q)~y; (F.Q)
=g (F)
0310(F) = Y0 Qs (7, Q)dQ
~ ZYI,m (Qn)l//;—(ri fzn)wn

(2.19)

(2.20)

Eqg. (2.19) assumes the angular flux is a 0™ order finite element approximation in the angular
space. With this approximation, the flux is solved for a set of directions €2,,n=1...N on the unit

sphere, and area weights w ,n=1...N are assigned to each direction. The choice of these

directions and weights is arbitrary, but they are typically derived such that Eq. (2.20) is exact.
Eqg. (2.20) represents the spherical harmonic projection of the discrete ordinate solution which is
needed for compatibility with the scattering kernel representation. Figure 2.2 depicts several
angular cubatures available in PROTEUS-SN, where the black dots represent the intersections of
each direction with the unit sphere and the coloring indicates the relative magnitudes of the
weights assigned to each direction.

Carlson Level- Square Legendre- Lebedev-Laikov S;5 Thurgood Sy5
Symmetric S Tchebychev Sy

Figure 2.2 Example Angular Cubature for the Discrete Ordinates Method

Using the discrete ordinates approximation, we rewrite the even- and odd-parity transport
equations using the shorthand notation for each direction in the cubature and obtain the within-
group discrete ordinates equations for the even-parity formulation:

Q, Vg (1) +Z, (P, (F) =Wy, (F)+S; . (F) (2.21)

Q- Vg (1) + 2, (g o (F) =Wy, (F) + 5., (F) (2:22)

In the following section, we discuss discretization of the spatial variable.
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2.6 Weak Form of the Even-Parity Equation
In order to apply the finite element approximation, we weight the even-parity transport
equation, Eq. (2.21), with a set of spatial trial functions, A(r), and integrate over space to obtain

the weak form,
JAVAE) Q- Vg (1) + 2, (Fhyrg (1) =W, (F) + S, (F) . (2.23)

Applying the divergence theorem to the gradient term, we transform the derivative on the
odd-parity flux term into a surface integral term and a term where the derivative is applied to the
trial function,

[[ =60 VAW (1) + A, (N 1 (F) AV = [[ AR, () + A(F)S; (1) |dV
—$Q, - APy, (F)dT

where A is the outward normal from the domain surface, I". We now seek to replace the term

(2.24)

with odd-parity component dependence, — gSf!n A A(F)y, ,(F)dT, by an equivalent definition
using boundary conditions.

It can be shown using angular parity arguments that the following expression holds:

$dro, A APy, (7)) =fdr ‘Q A

MOW g () +2$dT O, AL 2T0(F. Q) (2.25)

Let the boundary condition on the outer domain surface rel” be given by
w, (F,.Q,) =y, ,(F,Q,) for incoming directions, €, - <0. We can express the angular flux on

the boundary as:
O,y (F,Q) =0 nyrn™(F,Q) +Q, ny ™ (F,Q,)

. . o (2.26)
=Q, -nyn//r*’g (r,Q)+Q, -ny. (F,Q)

We can expand the incoming and outgoing angular fluxes into even- and odd parity components
as

O, -yt F, Q) =0y O F, Q)+ O, O (F Q) (2.27)

A

0,050 (2 A Y A #0050 f A A —O 0 A Y
Qn'nyl// (r’Qn)_Qn'nyV/ (r’Qn)+Qn'nyW (r’Qn)

r.g r.g rg

By definition, we cannot apply angular restraints to the even- and odd-parity fluxes and thus
find Eq. (2.27) must be modified into something like

2 f)n ’ nyl/llg},grko (F’ Qn) = Qn ’ nyl//lf,g (F’ Qn) + én ' ny‘//;,g (F’ Qn) (2 28)

2.0, -ny 0 ) =0 - nyy (F,Q)+Q, nyr (F,Q)
such that Eq. (2.26) can still be satisfied. For vacuum boundary conditions we can write
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2-0, i (F,0)=0=0, ny (F,Q)+Q, n i (F,Q,)

R . A . (2.29)
Q- nyl//;,g (r,.Q,)=-Q,- NYrg (r,Q,)

It is important to note that while this was explicitly defined for incoming directions, we have
in fact defined a rule for the parity system that must be obeyed for both incoming and outgoing
directions. Thus we can evaluate Eq. (2.29) for the outgoing direction set and find

_Qn ’ nyl//;,g (r' _Qn) =-1 _f)‘n ’ nyl/jl:,g (F, _Qn)

A P e A A A (2.30)
—Q, -y (F,-Q)=-Q, ny; (F,Q,)

In this case, we see that for the “outgoing” directions, we must impose a different relation
between the even- and odd-parity fluxes which cannot be true. Because Eq. (2.29) is trying to
equivalence an odd*even function on the left hand side with an odd*odd function on the right
hand side, we know that we must physically convert either the left hand side to even*even or
right hand side to odd*odd such that we obey the original constraint given by Eq. (2.29). In this

case, the sign resulting from Q_ -n, for 0, -n, <0 cancels out on both sides of the equation and

we are free to modify Eq. (2.29) into one of

wi () =-Q, nyp (7,Q,)

Oy (F,0,) =10, 0 |y o (1,0,)

-, n,

(2.31)

It is very important to note that the signs are preserved with respect to Eq. (2.29) in both cases
with respect to fzn -n, <0. The first of these is used for the even-parity transport methodology

while the second is used for the odd-parity one. Looking at Eg. (2.28), we can see that
conversion of Eq. (2.27) into Eq. (2.28) was actually invalid and, for the even-parity system, we
must modify it into the form

2.0, 0.0 = [0, 0y (1.0) + 0,y (F.O) 2.32)
2:0, O, Q) = |0, 0 [y (F,9)+ O,y (F,Q,)
For completeness, it is not hard to show that

{_‘én ‘ny‘wﬁ,g (f,ﬁn)}A +ﬂ§2n ‘ny‘w;g (r,én)}

Q,n,<0

=0, ny (FQ).  (2393)

Q,n,>0
Given these relations, we can generically write an incoming flux boundary condition as:
O, nyp (FQ)= ‘Q .ny\(,/;g (F, ) +2-0, -y ™ (F Q). (2.34)

Or, given a weighting function and integrals on the surface, we write:
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<}3er A APy, (F

(r)+23f>er AP LIO(F, Q) (2.35)

We substitute this expression into Eq. (2.24) and obtain the second-order transport equation
with modified natural boundary conditions:

[[ =00 VAW, (1) + ARIZ, o (Mg, (P) |V
= [[APW,,(F)+ A(7)S , (F) |dv (2.36)
~dr|, APy, (F) -2 dr QA Ay (F)

Next, we solve the odd-parity transport equation, Eq. (2.22), for the odd-parity flux,

Vgn(F) = (=00 Vg o (F)+ W, (F) + S, (F)). (2.37)

Zt,g (F)

We note that the odd parity within-group and in-scattering sources W, (r) and S (r) are

still dependent on the odd-parity component of the flux, so the above equation is not an explicit
definition for the odd-parity component of the flux. However, we can update these sources
iteratively later in the solver rather than evaluating them explicitly with the odd-parity flux.

Substituting Eq. (2.37) into Eq. (2.36) to eliminate dependence on the odd-parity flux, we
obtain the weak form of the even-parity transport formulation with modified natural boundary
conditions,

t.g

| {Q VAR5 1@ Q, -V, (F)+A(F)Z,, (r)w;n(r)}dv

= || A(OW. (F)+ A(F)S’ (F) |dV
I[ (FWy, (F) + A(F) gvn(r)} (2.38)

+J.{Q VAF) =W, (N +Q, V/7t(f)

tg() ()gn

on(D)=2pdT QA ATy (7).

(r)}dv

We can also put this in the following functional form and define the generic boundary
condition contribution term.
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S0, Ty, (M4 AP, (r)w;n@)}dv

T[y, (F).S; () |= j {Q -VA(F) @

=LAWL+ 43, () Jav

(2.39)
Ao 1 A = o
-| [Qn -va(r)mwﬁ(r) +Q, -VA(F) NG Sg'n(r)}dv
+BC, ,
BC,, = 439 A APy, ,(F)dT
: (2.40)

= dr

2.7 Spatial Approximation

In the finite element method, the problem domain is subdivided using a finite element mesh as
seen in Figure 2.3. Each finite element in the mesh is defined through the use of spatial vertex
points (typically called nodes in the finite element literature) and the material cross sections are
assumed to be spatially flat within each element.

QA APy, (F) +2§ AT O, A AR (F)

Figure 2.3 Imposition of a Finite Element Mesh for a Control Assembly

We define the total volume of the domain as the sum of all element volumes,

V=>V,. (2.41)

In two dimensions, the volume can refer to area (for example, the area of a triangular or
quadrilateral element). On each finite element, there exists a number of polynomial trial
functions equal to the number of nodes on the element (e.g. N=3 nodes for linear triangular

elements). The N polynomial trial functions on element e hold the property that LL(FJ.)=5”,
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meaning that the i trial function evaluates to unity at the i"" node (and to zero at every other
node) on the element.

Within each finite element, we approximate the spatial dependence of the flux, source, and
weighting functions as a linear combination of the polynomial trial functions

L. (F) :[Lle(F),...LE‘ (F)] that exist on the element. If the same sets of trial functions are used in

adjoining elements, the flux approximation will be continuous across the interfaces. The
following expressions show this spatial approximation within an element, i.e. for r €V, :

~+1

we(F,Q) =L (M)W, ., =[ LE)....Ll (7 ] = Z Ly (FW7g e (2.42)
Vyen

2, (F,Q) =Y, () o L (N, (2.43)

W, (F,Q) =Y, () o L, (MW, (2.44)

S (r,Q) =Y/ (e L (NS,. (2.45)

A(F) =L, (F) (2.46)

The notation ® represents a tensor product of the spatial and angular vectors of trial
functions. (The tensor product of two vectors x and y is equal to x®y=xy", i.e. a rank-1 matrix

whose columns are multiples of the first vector.) Eqgs. (2.43)-(2.45) involve the evaluation of
spherical harmonics functions at a given angle. Eq. (2.46) states that the spatial trial functions in
the weak-form of the even-parity transport equation will in fact be identical to the finite element
trial functions.

We substitute Egs. (2.43)-(2.46) into Eq. (2.39) and modify the functional to be defined over a
single element volume instead of the entire volume. This substitution, as well as the assumption
of constant cross sections within an element, permits all terms except the trial functions and their
derivatives to be moved outside the spatial integrals. Only the following types of spatial
integrals, called spatial matrices, remain after this substitution:

P =] VLV L (P, (2.47)
U, =[ LIV L)Y, (2.48)

F=[ LMOLE,. (2.49)
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These spatial matrices are dependent on known features of the element (node locations, shape,
trial function definitions). The integrals can be evaluated using Gauss quadrature. Using the
spatial matrix notation, the functional expression over a single element volume can be written:

T I:l//g en(r) Sg en(r):l =|:Z%Pe K,L +Zt g, eFe:|l//g,e,n FeWg e.n + Fesg e,n
K,L t‘g'e

(2.50)

K “tge

{Z A, u;K}(Wg,e,n +8,00)+BC,,

To evaluate the original functional, T, we sum the element-wise trial functions into a global
representation,

T[V/gn' 9”j| ZT [V/gen’~geni| (251)

We can simplify Eq. (2.50) by defining the matrices and vectors

A

QQ

Ag,e,n :ZZ—LnPeK L z:t,g,eFe (252)
K,L t’g‘e
gen = I:eS;ren (253)
V~V;e,n = I:ewg;,e,n (254)
O .
Sgen =2 Uik Sqen (2.55)
1y K zt’g ’ 1©y
~— QK nyp T \AT—
Wgen :Z ' Ue KWgen (256)
1<y K Zt‘g y 1©y
to obtain
T I:l//gem gen:l Agenl//gen ;en ~§,e,n _W;r,e,n _wa,e,n + Bcg,e,n (257)

The expression in Eq. (2.57) is valid for all discrete ordinates, Q2 and elements e. This discrete
functional can be assembled over the domain of interest and has only one solution for v that

minimizes the error in the functional. However, before solving the equation, we must define the
element boundary conditions BC In the following sections, we show that the boundary

condition term cancels for interior elements due to the continuity conditions that are applied for
the angular flux.

g.en’
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2.8 Finite Element Continuity Conditions

In order to completely characterize the boundary condition term defined in Eq. (2.40), we
must explicitly define the continuity conditions on each element. The even-parity angular flux is
taken to be continuous along element surfaces. We show that the boundary term in Eq. (2.57)
will exist only for those elements that lie along the problem domain boundary.

Enforcement of the continuity condition on the angular flux between elements is guaranteed
by Eqg. (2.51). To show this we inspect two adjacent elements sharing a surface I", shown in
Figure 2.4.

Figure 2.4 Adjacent Triangular Finite Elements

Picking an arbitrary point ¥ and angular direction Q along the boundary I',, as shown on

the right in Figure 2.4, the following relations can be written for the even- and odd-parity flux
and weight functions for the two elements.

wa(Fel..Q)=y;(Fer..Q) (2.58)

We note that the first expression (continuity of the even-parity flux) is enforced in this
methodology. The second expression (continuity of the odd-parity flux) is not enforced, but only
assumed.

The boundary condition on surface I', can be expressed for element A and element B as

BCs . = POy A, (F €T, )Wp,(F €T, )T,

g.n.e

(2.59)

g.n.e

BCy . =Py~ A (T €T, g oo (F €T )T
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The major difference between these two relations is the change in sign on the outward normal
h for surface I, because the outward normal for each element is the opposite of the other’s.

Writing out the sum of the two boundary conditions that appear for adjacent elements in Eq.
(2.51), and then imposing the continuity conditions in Eq. (2.58) gives the following identity,

$O, 1 A (F T, )y (FeT)AT, +$O, = 4 (F T )yy o (F T,)dT,
=§0, A2 (F T g0 (FeT) = A (F el )y, (FeD) AT, ) o

=pQ, A A4(F €T gy, (T eT,) = 2(F €T, )yy,,(FeT,) |dT,
=0.

As a consequence, the surface term in Eq. (2.57) only exists for those elements that lie along
the outer problem boundary. With the boundary condition term removed for all those elements
that do not lie upon the problem domain boundary, the boundary conditions that have been
implemented on those elements along the outer problem boundary can now be investigated.

2.9 Vacuum Boundary Conditions

The vacuum boundary condition in Eg. (2.61) is a standard boundary condition imposed in
neutron transport problems.

vy (1. Q)=0, Fel, Q-A<0 (2.61)

Since Eq. (2.61) defines the incoming angular flux to be zero, Eq. (2.40) reduces to

BC,,, = $dT|Q, -1

= T[&, - A APy o (F) (2.62)

sen(N)+2$dT QA A(7)-[0]

where W is a new spatial matrix defined as a surface integral of the product of trial functions:

W, =$dTL,(Fey)LL(F 7). (2.63)

This allows the functional form to be rewritten for an element with a vacuum boundary on
surface y as:

T[l//gen,é'gen ( en

= Ag,e,n‘//g,e,n - Sg,e,n - Sg,e,n _Wg,e,n _Wg,e,n

_g o ~ —
JWQ en g en _Sg,e,n _Wg,e,n _Wg,e,n (264)

Note that for curvilinear boundary surfaces which are possible with higher order finite
elements (quadratic, cubic, super-parametric, etc.), the outward normal is a complicated function
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of space and angle and thus the evaluation in Eq. (2.62) can be quite complicated. To avoid this
complication in PROTEUS-SN, the outward normal is approximated by an average outward
normal for each element surface on the problem domain boundary. This approximation should be
sufficient for reactor geometries.

2.10 Reflected Boundary Conditions

The generally oriented reflected boundary condition is the only other boundary condition
currently implemented in PROTEUS-SN. The reflected boundary condition, shown in Eqg. (2.65),
assigns the incoming angular flux on the surface r eI" to be equal to the outgoing angular flux
at the corresponding “reflected” angle.

Wy (F.Q) =y (F 1.8 ) =y (T i1,1,8) =y (F,Q)

o (2.65)
Fel,L V=0 O=0

out, reflected ? out

The explicit dependence of the vector Q on the azimuthal and polar angles is explicitly
written in Eq. (2.66) as a reminder.
Q= ,sz+77 j+§l€

N A . (2.66)
=c0s(0) 1 +cos(¢)sin(d) J +sin(g)sin(H) k

In Eq. (2.65), the incoming angular flux, wg(r,fz'), is set equal to the outgoing angular flux

78 (F,Q2) . These two angles are graphically represented in Figure 2.5 for the surface T", which in

this example lies perpendicular to the x-axis and has an outward normal ri extending towards the
exterior of the domain. In this picture, the reflected boundary condition is given by

w,(F,—u,n,8) =y, (F,1,n,5), where the only difference is the sign of the first vector

component u because the surface lies perpendicular to the x-axis.

LT

Figure 2.5. Simplified 1-D Diagram of the Reflected Boundary Condition

The conditions required to meet the reflected boundary condition are problematic because of
the nature of the discrete ordinates approximation. For every outgoing discrete angle f)n in the
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cubature set, there may not exist another discrete angle in the cubature set which is the exact
reflection of Q_ off a generally oriented surface. In the literature, a common approach is to

utilize a cubature on the sphere which obeys all of the symmetry assumed in the geometry. In
such an approach, a “one-t0-one” mapping between the ordinates exists for reflected boundary
conditions and thus all that remains is to define a set of dependent directions (those which are not
solved for) and a set of independent directions (those which are solved for) at a given point on
the surface of the domain.

However, to handle a generally orientated boundary condition, as desired in PROTEUS-SN,
we must approximate Eq. (2.65) when the cubature fails to satisfy all of the problem symmetry.
The first task is to define an interpolation scheme on the surface of the sphere such that the
reflection of any angle in the cubature off a generally oriented surface can be defined in terms of
the other angles in the cubature. PROTEUS-SN maps the cubature on the sphere with a set of
triangular finite elements (spherical triangles) as shown in Figure 2.6.

Carlson Even Moment Sg Tegmark Y," fitted Sg

Figure 2.6. Example Triangular Meshes of Spherical Cubature

A given outward normal defines a plane that slices the unit sphere into incoming, outgoing,
and parallel directions. Using the interpolation scheme outlined in Appendix C, we can produce a
set of first-order equations of the form shown in Eq. (2.67), where each incoming direction is
dependent upon at most 3 outgoing directions. These three directions are the nodes of the
triangular surface which the exactly reflected angle passes through. For cubatures that exactly
meet the symmetry conditions of the domain, the outward normal will cut the sphere such that a
“one-t0-one” mapping between the directions is created for a given reflected boundary condition.

Vin = Z 51 Vou, =P Vou

j=13
Vio €W, O,-1<0 (2.67)
Wou e{l//n, Q. A 20}

Because we are working with continuous finite element trial functions, we must impose these
constraints at the vertices of the finite element mesh. Under these circumstances, a vertex could
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lie at the apex of more than one reflected boundary surface with different orientations, thus we
must combine the sets of first-order equations defined in Eq. (2.67) to properly constrain the
system. A standard least squares approach was implemented to resolve the final set of first-order
equations. The first step in this procedure is to identify the set of incoming and outgoing
directions which are incident with regard to all of the reflected surfaces associated with a given
spatial vertex indicated by summation over y in Eq. (2.68).

Wi e{wn, Ue.-n, <0} Vou e{wn, Ue, -1, 20} (2.68)
Y V4

Using this set of directions, we recast the individual first-order systems of equations into the
non-square system

a, B
a, o= b, 7
in E out (2.69)
Ol}, ﬂy
a'ﬁin = ﬂl/jout '

where «, and g, are obtained by rearranging the individual first-order systems of equations,

&, , such that they correspond to Eq. (2.68). This system of equations enforces the reflective

boundary condition on all incoming angles at a given vertex. There are often more equations than
degrees of freedom, so a least squares method must be used to solve this system. The least
squares procedure is then implemented as shown in Eq. (2.70).

al/7in = ﬂlpout

0(T0(l/7in = aTﬂlpout
i G oa (2.70)
l//in = (aTa) aTﬂWout

= ‘(I) ‘/70ut

Note that for a single reflected boundary condition on a vertex, this least squares procedure
simply reverts to the original first-order system defined in Eq. (2.67). Additionally, for cases
where the cubature meets all of the symmetry of the problem, the resulting system of equations
defined by Eq. (2.70) will be a Boolean matrix which properly defines the one-to-one mapping
between the incoming and outgoing direction set. Finally, for high order cubatures that do not
meet the symmetry of the problem but which have been implemented for a vertex associated
with multiple reflected surfaces, the above least squares projection has been observed to produce
very small positive and negative numbers. Such dependencies illustrate a very weak coupling
between these directions through the reflection operator, and PROTEUS-SN truncates such
dependencies and rebalances the equation.
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Since we are solving the even-parity form of the transport equation rather than the first-order
form, we still have one more transformation to apply. We must recast the system of equations to
enforce boundary conditions on the even-parity fluxes (rather than the first order fluxes) as
shown in Eq. (2.71), where the even parity fluxes are solved only for angles in a specific part of
the sphere dependent on problem dimension. Recall that the even-parity fluxes for angles in the
other part of the sphere can be obtained through angular parity relationships.

l//in = ‘7) !/70ut = Blr//Jr = CW+

e {y/n, Q, e%(lD), 7(2D) or27z(3D)} &

Matrix B is a Boolean matrix corresponding to the vector reassignment from the set of
incoming directions to the corresponding set of even-parity directions. Matrix C is the reordered
% matrix such that it corresponds to the set of even-parity directions. For one-to-one mappings,
the B and C matrices are both Boolean matrices, and several of the equations are duplicates. To
develop a system of valid constraints, we sweep through the system of equations defined by Eq.
(2.71) and remove duplicate ones such that we end up with the maximal set of unique equations
which constrain the maximal set of angular directions producing a new equation of the form
given as Eqg. (2.72). Note that this does not involve the inversion of B, but rather a simple
rearrangement of B and C such that the IT matrix is defined and redundant equations are
eliminated.

y =Iy" (2.72)

This TT matrix can typically be rearranged using a Gauss elimination algorithm with row

pivoting.
vi ] LO 1w

This final system defines a subset of the even-parity directions, y, , which are independent,
and a subset which are dependent, . The submatrix IT, is strictly upper triangular and the

structure of IT, is irrelevant. This final system of equations states mathematically that for a

given set of independent even-parity directions (those that we must solve for), the solution for
the dependent set of directions is known from the reflection operator. This operation connects the
dependent angular directions to the independent angular directions for all those vertices on the
boundary of the domain.

For elements with vacuum boundary conditions, we can assemble the functional in Eq. (2.57)
over all directions as shown in Eq. (2.74), where the A matrix for vacuum boundary conditions
was defined earlier.
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v ~4 a+ a— ~ ~—
Ag,e,l 0 0 Vel Sqe1 Sqe1 Wy o1 Wy ea
+ et . : I T U R U o
Telil//gye,nge]— 0 .0 : : : : : 2.74)
v ~+ &+ & ot o :
0 0 Ag,e,N Vyen Sq.eN SqeN Wy eN Wy e

= Ag,el//;e _§;e _SNg;,e _W;,e,n _Wg;,e,n
The application of equation Eq. (2.73) for a given vertex on the surface eliminates the block
diagonal nature of the system in Eq. (2.74), but only for those vertices on a reflected surface. The
application of Eq. (2.73) is straightforward and leads to the new system given by Eq. (2.75).

T, [Wg,e'gg,e] = A\;,e‘//g,e _§g,e _§§;e —V~V§,e _Wg;,e (2.75)
The details of the A;  matrix are not shown for brevity (the “r” superscript stands for

“reflected”). In forming this matrix, the dependent space-angle degrees of freedom are not
removed from Eq. (2.74), but instead the row and column of the dependent space-angle degrees
of freedom are zeroed out and the scaling factor of Z%+2t is placed on the diagonal to maintain

good matrix properties for the preconditioner. This trick allows the vector space to be kept
constant for all elements, regardless of the presence of boundary conditions.

Note that the sources for the dependent directions have to be redirected as sources for the
independent directions using Eq. (2.73), and, after Eq. (2.75) is solved, the dependent discrete
ordinate flux moments must be rebuilt using Eq. (2.73). These operations are not only
computationally cheap given the sparse nature of Eq. (2.73), but they are scalable so long as the
ratio of work to communication is known for the problem of interest ahead of time. Eq. (2.75)
can be assembled over all elements as defined by Eq. (2.51) to give the final within group
equation

Tlvs85 ]=Awg =5 -5, - % - (276)

2.11 Summary

In this chapter, we have derived the second-order even-parity transport equation which
governs the even-parity flux. We have applied the multigroup approximation to discretize the
energy domain into the typical “within-group” equations, which are coupled to each other the
scattering and fission source terms. Most energy groups receive contributions from higher energy
groups (via down-scattering). Additionally, a few energy groups may also receive contributions
from lower energy groups (if up-scattering is present). Finally, the fission source causes neutrons
to be born in high-energy groups due to fission reactions occurring in other energy groups.

We have also applied the discrete ordinates approximation to the multigroup equations in
order to discretize the angular dependence. Functionals were derived to express the multigroup
flux along a particular discrete ordinate. These functionals are connected to each other by the
scattering source, which causes neutrons to change direction. It is very important to note that in
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the presence of up-scattering, the even-parity operator is iterative as the odd-parity source must
be iteratively based upon the even-parity flux. In a sense, the odd-parity flux is not really the
odd-parity flux as the even-parity methodology assumes the odd-parity flux is completely
eliminated via substitution. This makes the application of GMRES and other solvers on the
complete multi-group system somewhat unwise and impractical for the even-parity
methodology.

Finally, the continuous Galerkin finite element method is applied to discretize the spatial
domain. The degrees of freedom therefore become the values of the even-parity angular flux at
each “node” or “vertex”, for a given energy group and discrete ordinate. The boundary
conditions for each element vary depending on whether the element is interior (no extra
boundary condition term), or has a void or reflective surface.

In the following chapter, we discuss the numerical implementation of these equations and the
algorithms used to solve them.
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3 Numerical Implementation

In this chapter we discuss the flow of a PROTEUS calculation, starting with the problem set-
up and continuing with the solution of the within-group equations and global system.
PROTEUS-SN can be used in two different modes: steady state and kinetics (adiabatic time
dependence). We primarily discuss the steady state mode here and later make mention of the
time-dependent mode.

3.1 Overview

In PROTEUS-SN, the multigroup second order even-parity transport equation is discretized
using the angular discrete ordinates approximation and the continuous finite element
approximation in space. Boundary conditions are not applied to the odd-parity flux in the even-
parity method as it assumed to be entirely removed via substitution. Available finite element
types include bar, triangle, quadrilateral, tetrahedron, triangular prism, and hexahedron.
Lagrangian, serendipity and Gauss-Lobatto polynomial trial functions are available up to ninth,
second, and sixth orders, respectively.

As derived in the previous chapter, the discrete ordinate and finite element approximations
reduce the second order even-parity transport equation to a set of within-group linear algebra
equations for the even-parity multigroup flux,

Ay, =By, +S; +C (W, +S), (3.1)

where By represents the within-group scattering matrix. The odd-parity sources are iteratively
calculated. The coefficient matrix Agq is positive definite which enables Eq. (3.1) to be solved
using the conjugate gradient (CG) method [13] known to be scalable on large parallel systems.

The solution methodology in PROTEUS-SN consists of the following iterations listed in order
from outer to inner, where the PETSc package is used to perform the innermost iteration:

Fission source (inverse power) iteration for the eigenvalue or fixed source
Gauss-Seidel iteration over energy groups

Scattering iterations for within-group scattering system

Conjugate gradient over whole space-angle system

PETSc preconditioned conjugate gradient for each discrete ordinate

We describe these iterations in further detail in this chapter.

3.2 Parallelism

The computational method used in PROTEUS-SN is highly parallelizable in both space and
angle, due to the applicability of the conjugate gradient method and the block diagonal
connection in angle of the matrix Ag. This method permits the efficient utilization of hundreds of
thousands of processors which in turn allows the efficient solution of high-fidelity problems with
billions of degrees of freedom. While PROTEUS-SN was built to enable parallelization in the
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energy domain, parallelization in energy is not currently permitted, nor needed, as the current
space-angle decomposition scheme already saturates the capabilities of leadership computing
machines.

The parallel decomposition of the problem in both space and angle is accomplished by
assigning sections of the phase space to different processors which each calculate the solution on
their “owned” portion of the domain. Therefore, if a problem runs on 4 processors, each
processor might own ¥4 of the spatial domain and all of the angles. Alternatively, each processor
might own % of the spatial domain and % of the angles. The number of domains to decompose
into is specified at runtime by the user.

PROTEUS-SN uses the Message Passing Interface (MPI) standard to communicate
information from one processor to another, since the physical boundaries between locally owned
domains are shared. Also, scattering causes a connection in angle (and between different
processors). The code runs on machines ranging from desktop to leadership computing
machines. It has been previously demonstrated [14] to scale efficiently to 300,000 processors
(IBM’s BlueGene/P architecture) and 222,000 processors (Cray XT5) which enables the solution
of very large problems up to 10* degrees of freedom on leadership computing resources. The
scaling results shown in Table 3.1 and Table 3.2 were performed for different space-angle
discretizations of the ZPR6/7 fast reactor experiment and indicate the expected scaling
efficiencies for typical simulations with PROTEUS-SN.

Table 3.1. Strong Spatial Scaling of PROTEUS-SN on BlueGene/P Architecture

Total Vertices Total Strong

Cores Per Time (s) | Scaling
Process

8,192 7,324 2,402 100%

16,384 3,662 1,312 92%

24,576 2,441 873 92%

32,768 1,831 637 94%

Table 3.2. Weak Angle Scaling of PROTEUS-SN on BlueGene/P Architecture

Total Angular Total Weak
Cores Directions | Time (s) | Scaling
32,768 32 579 100%
73,728 72 572 101%
131,072 128 581 100%
163,840 160 691 84%
294,912 288 763 76%
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Experience has shown that the number of vertices per process (i.e. size of a local domain on a
processor) should be kept greater than 1,500 in order to maintain a reasonable work to
communication ratio. Each processor should also be assigned work for at least two angles in the
cubature to balance the PETSc work. A combined >90% strong space-angle scaling efficiency is
expected in this regime.

3.3 Problem Initialization

Before the multigroup system of equations are solved, PROTEUS-SN performs some
initializations and calculations, including reading the input data, translating material information,
decomposing the mesh, and building the finite element matrices.

3.3.1 Read Input

At the beginning of a PROTEUS-SN calculation, the root processor reads in the driver input
file and initializes the PETSc library using the requested angular resolution, parallelization in
angle, scattering order, and other iterative values. The driver input information is communicated
to all other processors. Next, the root processor looks at the multigroup cross section library and
broadcasts the control information (number of groups and anisotropic scattering information) to
all other processors. Alternatively, PROTEUS-SN can generate multigroup cross section data
from a generalized library using the subgroup application programming interface (API). The
implementation of the subgroup API is a new feature is being verified. For more information on
the subgroup API, contact nera-software@anl.gov.

3.3.2 Mesh Decomposition

In the current implementation, the root processor reads in the user-provided mesh and sends
each piece to the rest of the parallel system. A partitioning mesh file can optionally be provided
in order to specify the desired spatial decomposition. If the partitioning file is not included,
PROTEUS-SN npartitions the mesh on-the-fly using the METIS software and the number of
requested spatial partitions. At the end of this process, each processor owns a piece of the mesh,
called the local mesh. It sees its local mesh and a one-ring ghost set of elements, combined these
are called the visible piece of the mesh. A basic bandwidth optimization can be performed on the
local piece of the mesh to improve preconditioning if requested in the driver input.

3.3.3 Computation of the Finite Element Matrices

After the control data, cross section and mesh data are read in, the mesh is processed and
auxiliary boundary conditions provided in the control input are applied. This is necessary to
identify the necessary communication to carry out with respect to reflected boundary conditions.
During this process the finite element spatial matrices are generated on each processor for the
local visible mesh using Gaussian numerical integration.
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After processing the finite element mesh, PROTEUS determines the material compositions on
the local mesh and eliminates recursive definitions in the material assignment file in favor of
direct definitions using the isotopes included in the cross section file.

The PETSc library set-up is performed by defining the vector scatter/gather operation for a
single space-angle segment of the flux vector. The spatial matrices are stenciled and the
preconditioner is set. Finally, the multigroup solve routine is called to solve either a forward
problem, adjoint problem, or both.

3.4 Multi-Group Solve Procedure

The solution of the global system of equations has several nested loops. The outermost loop is
the fission source iteration, in which iterates of the fission source and eigenvalue are calculated
based on the current estimate of the global multi-group flux for all groups. Tchebychev
acceleration is optionally applied to accelerate fission source convergence.

To obtain the multigroup fluxes needed for the fission source iteration, each within-group
equation is solved in order, starting with the highest energy group, in Gauss-Seidel fashion. For
each within-group system, the group sources (fission, fixed source, in-scattering and within-
group scattering) are calculated based on current estimates of the multigroup flux values, and the
within-group solver is then called to solve the matrix equation in Eqg. (3.1).

The within-group solver contains a two-step iterative procedure since the left hand side and
right hand side both depend on the within-group flux. The first step involves performing a
scattering (Richardson) iteration for the discrete ordinates even parity flux. The second step
follows with a synthetic diffusion acceleration calculation to correct the PO moment of angular
flux. The scattering source is updated using the diffusion correction, and the procedure repeats.
The synthetic diffusion scheme can be considered a multigrid preconditioner in angle.

After the within-group flux is obtained, the fission and scattering group sources are updated
and the next energy group is solved. This group-by-group solution proceeds until all of the
down-scattering-only groups have been solved. The within-group equations for up-scattering
groups are then solved, but they require an extra outer iteration loop called the “up-scattering
iteration” since the flux in a group with both down-scattering and up-scattering is dependent on
both the groups above and below it.

We now discuss the details of how to solve the within-group equations (innermost iteration).

3.4.1 Within-Group Parallel Preconditioned Conjugate Gradient Method for each Discrete
Ordinate

The within-group flux equation for the entire space-angle system has the form
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=8, +§, +L, (WJ )i (3.2)

where the A matrix has convenient properties which enable the use of highly parallel iterative

schemes. First, the A matrix is real, symmetric (A" = A), and positive definite (x" Ax>0 for
any vector x), and therefore the conjugate gradient method can be applied to solve the system.
CG is an iterative method which is excellent for large, sparse systems such as those that result
from finite element discretizations. Second, the A matrix is block-diagonal in angle for vacuum
boundary conditions and contains only minor coupling between the angles for reflected
boundaries. The method is relatively scalable in angle so long as the cost associated with
communicating the reflected independent moment information is accounted for in the load
balancing. The preconditioner of the CG solve of Eq. (3.2), is forced to be block diagonal by
eliminating the connections in angle and thus can be solved independently with respect to angle
(discrete ordinate). Each angle sub-system in the preconditioner is symmetric positive definite
and thus again we can use CG to solve it. For problems with vacuum boundary conditions only,
the upper level CG solve can be omitted.

For the preconditioner, PROTEUS-SN links to and uses the parallel SSOR-preconditioned
conjugate gradient solver in the PETSc package [3] to solve the preconditioner system. The
PETSc package was chosen due to its development history and optimization on supercomputing
platforms. The preconditioned conjugate gradient method can be summarized as follows, where
the matrix C is the preconditioner:

Let x, € R" be an initial vector.

Letr, =b— Ax, be the initial residual.

Letd, =z, =C'r, be the initial direction of correction.

dok=0,1,..

2t

AT ATAd,

X, =% +ad, (apply correction)

r., = —aAd, (recompute residual)

(compute magnitude of correction)

-1
Zk+l - C rk+1
T

ﬂk — Zk+1rk+1
+1 T
Zk rk

d., =2.,% B.,d, (recompute new direction)
end do
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The SSOR (Symmetric Successive Over Relaxation) preconditioner defines the matrix C in
terms of the symmetric matrix A=L+D+L",

cz(lijLDl[imUj, we[0,2] (3.3)
w 2—-w 0]

One scattering iteration therefore consists of multiple iterations within the conjugate gradient
solver. The two largest computational components of the CG method are the application of the
coefficient matrix A and the application/inversion of the preconditioner matrix C. In most cases,
the computational effort for the preconditioner is more costly than all of the other solver
operations. PROTEUS-SN reports the number of iterations required to invert the preconditioner
in the output file.

3.4.2 Synthetic Diffusion Acceleration of the Within Group Scattering Source

The within-group scattering source for the within group equation is directly dependent upon
the flux solution for that group, and therefore scattering source iterations are required to properly
compute the flux. Eq. (3.4) presents the standard scattering source iteration of the within group
equation, where i gives the index number of the iteration.

r + i+ + &- ~+ ~ A\
A (v ) " =5+ 5+ (W ) +(w;) (34)
We modify this source iteration slightly by expanding the definition of the within-group

sources in terms of the spherical harmonic projection of the flux to develop the following
relationships.

gen_Y (Q )Z (Q )W®FWgen

5,09+
—Y Q)=! e F.¢@
(Q)Z¢ 44 @ Ry, (3.5)
= L+,n¢g,e
=W, =L@,
gen ZY (Q) Kn S,0—9 ®uTK¢§;e
Zt’g
=Ly (3.6)

= v”v; = L_(ﬁg‘

We insert Egs. (3.5) and (3.6) into Eq. (3.4) and introduce the superscript i+2% on the flux
vector to indicate the intermediate estimate of the flux solution obtained by source iteration.

i+1/2

A () =5 vs L (7)) +L(5) (37)
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We can rewrite Eq. (3.7) as the more general equation Eq. (3.8), where it is understood that
the definition of the L matrix is rather complicated.

i+112

Avs) =8+ +L (vs) (38)
The exact solution, y, therefore satisfies Eq. (3.9):
L =S, +§,
(A =L Jws 9)
D, w, =8, +5,

The source iteration shown in Eq. (3.7) can be slow to converge. Therefore, as is conventional
in discrete ordinates methods, we apply a diffusion synthetic acceleration (DSA) scheme in order
to accelerate the convergence of the flux vector. The general steps in the DSA acceleration
scheme are (1) solve the transport equation to obtain an intermediate estimate of the flux vector,
(2) solve a simplified diffusion-like system (the synthetic equation) to estimate the correction
needed to the flux vector, and (3) update the intermediate estimate of the flux vector with the
correction. The DSA iteration steps are then repeated until convergence. This process reduces the
number of high-order transport calculations that are needed.

To define the synthetic equation, we first define the error in the flux solution at 1+% due to
the scattering iteration defined by Eq. (3.7) as

(g)Hl/z 1// (Wg )|+1/2 (310)

We then develop a system of equations to express the error at iteration i+ % as a function of
the previous two flux solutions:

Hl/g ( |+l/2)

D (l// )|+1/2
g + 5 _ Ag: (!//;r )|+1/2 " L (!//g )|+1/2 (311)
i+1/2
=S, +§’—(§*+§§+ L, )+L (1//9)

i)

If the error term (g)”l'2 in Eqg. (3.11) could be solved exactly, the discrete ordinates flux

I
O
(/71

I
o
wn

could be updated immediately and the exact solution would be obtained by Eqg. (3.10). However,
solving the discrete ordinates system in Eq. (3.11) for the exact discrete ordinates error (,s)”l'2 IS

expensive. Instead, we project the system of equations to the smaller spherical harmonic P, space
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in order to evaluate the error in that space. To accomplish this we utilize the relationship between
the discrete ordinate solution vector y  and the spherical harmonic moment coefficients ¢, ,

Gy =Y, (Q )Wy, (3.12)

We note that the discrete ordinate angular flux can be recovered by using the formula
y/;(fzn) =Y, (f)n)gi)g where the spherical harmonic functions are simply evaluated the prescribed
angle. We therefore obtain the following system of equations for the spherical harmonic

. . i+1/2 . . . . . .
projection error (g”) , Which can be applied to the intermediate spherical harmonics
moments estimate as a correction term.

)i+l/2

ST @D, @) (e.) ™ = XX @w LY. @)((7) (%))

D, (£ )" =L,y ((cbg )" (7 )i)

PROTEUS-SN accelerates (apply corrections to) the P, even-parity moment, which
corresponds to writing Eg. (3.13) only for the zeroth moment:

Do (£.0) " =Ly (((ﬁ;o )™ (35, )i) (3.14)

(3.13)

Solving Eqg. (3.14) for (‘9+,0 )””2 therefore yields the correction to the Py even-parity moment,

ie.(70) =(d,) " +(e)™*. Once this correction is applied, the next source iteration takes
place using Eqg. (3.7).

We note that Eqg. (3.13) and consequently Eq. (3.14) are exact for elements with reflected
boundary conditions provided a one-to-one angular mapping exists between the incident and
reflected angles. However, for elements with vacuum boundary conditions, an additional term
must be added which we do not describe here.

For each scattering iteration, a transport solve is done for all angles. The diffusion
acceleration equation is not partitioned over the entire set of processors (ideal), but only over a
subset equivalent to the selected spatial decomposition. The solution of the diffusion equation is
also done using the PETSc SSOR preconditioned CG algorithm. After it is solved to a given
tolerance, the updated PO solution is transmitted to all of the angle specific processors for use in
completing the acceleration process. In most problems, the code only needs to do a single DSA
iteration to successfully accelerate the convergence as the diffusion equation is an exact
projection of the even-parity discrete ordinates transport equation.
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3.4.3 Connection of Multigroup System of Equations

The within-group systems are connected to each other by the scattering source which can
include both down-scattering and up-scattering. The global multigroup system is solved by
Gauss-Seidel iteration which converges in a single iteration when no up-scattering is present.
The Gauss-Seidel iterative matrix inversion scheme can be summarized as

(D+L+U)x=b
(D+L)x=b-Ux (3.15)

— x'=(D+ L)fl(b—ka)

In the above scheme, the coefficient matrix A is split into the diagonal (D), strictly upper
triangular (U), and strictly lower (L) triangular matrices. For the case of no up-scattering, the
matrix is lower triangular.

3.4.4 Fission Source Iteration

The outermost iteration in PROTEUS-SN iterates on the entire multigroup fission source and
eigenvalue using the power method, with optional Tchebychev acceleration. While there are
better acceleration methods available, the PROTEUS-SN code was only meant to be an initial
test to see if the continuous finite element method would perform well on petascale computing
machines. Possible improvements may be made to the acceleration scheme in the future.

3.4.4.1 Power lIteration

The initial fission source is calculated based on an initial flux vector guess of unity (flat
uniform flux). To briefly summarize the power method, we write the global system of equations

as Ty = % Fy ", where the term Fy " is the fission source, . Applying the matrix product FT™

to both sides of the equation yields the eigenvalue problem Fy ™ = % FT'Fy*, or kO=FT'0,

where & =Fy" is the fission source. The fission source (eigenvector) and k-effective value
(eigenvalue) can be solved using the power method:

9(i+1)=%|:-|-—19(i)
i+ 3.16
(e o W 0°7) 19
.o

In Eq. (3.16), W is some positive weight function and the brackets indicate integration over
the reactor volume. The easy choices are to use W=1 (i.e. L; norm) or the current fission source
distribution (i.e. L, norm). While one can choose any arbitrary function, these two choices ensure
that the resulting system converges to the dominant eigenmode(s) of the system.
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3.4.4.2 Tchebychev Acceleration of the Fission Source

Various extrapolation methods can be used to improve the flux or fission source iterates. One
such extrapolation method is Tchebychev acceleration. In traditional mode (no Tchebychev
acceleration applied to the fission source), the fission source error, eigenvalue, and iterative flux
error decrease for each iteration according to the spectral radius (or dominance ratio) of the
eigenvalue problem. A plot of these errors with respect to fission source iteration will display
straight curves on a log scale where the slope is the negative of the spectral radius.

Tchebychev acceleration speeds the convergence of the fission source by altering the spectral
radius of the eigenvalue problem and hence decreasing the number of required outer iterations
(usually by a factor of 2). Using Tchebychev acceleration, the accelerated fission source iterate,
6,,, is calculated based on the intermediate (non-accelerated) iterate 6

i+1
1
PG

calculated by

0% = —_FT9"  as well as the previous estimates of the fission source, 6, and 6, .

6,

i+1

=0+2,4(0.,-0)+ 4(0-6.,) (3.17)

The values of o and g are iteration-dependent and determined by the order of the Tchebychev
polynomial fitting that is being applied.

3.5 Methodology Limitations

While the continuous finite element with the second order even-parity methodology offers
benefits in terms of computational scalability and efficient use of computing resources, it also
has currently unavoidable caveats which we describe here.

PROTEUS-SN cannot model void or very optically thin regions due to the =.* coefficient

appearing in the second order even-parity equation. The workaround is to homogenize void or
optically thin regions with surrounding non-void regions.

Additionally, the condition number of the within-group matrix increases as O(1/h?) with mesh
size h decreases, and O(p?) with element order p increases. This causes the computational
burden in PROTEUS-SN to increase at a fast rate for finely detailed problems compared to other
methodologies. For most problems, we advise using a large number of linear elements rather
than increasing the element order.

PROTEUS-SN also has convergence issues when neighboring materials in the problem have
strongly contrasting properties (i.e. alternating optically thick and optically thin regions). There
is no current workaround other than homogenization.
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4 Time-Dependent Calculations

In addition to the steady state mode, PROTEUS-SN models time-dependence using the
adiabatic approximation. This approximation is more accurate than point kinetics but less
accurate and simpler to implement than the quasi-static or full kinetics methods.

4.1 Neutron Kinetics Theory

A fission event in a nuclear reactor produces both fission products and prompt neutrons,
which are emitted into the system within 10™ seconds of the fission event. Some fission
products are unstable (these are called precursors) and undergo a beta decay process which
instigates the emission of delayed neutrons. The production of delayed neutrons plays a crucial
part in the control of nuclear reactors, and this process must be accounted for in the time
dependent transport equation. There are numerous precursor isotopes and complete physics data
is not well-known for each one. Therefore, in computational methods, the precursors are
typically categorized into 6 “delay groups” based on their half-lives. Each delay group is
assigned a characteristic decay constant, A, and a characteristic energy dependent delay yield,

v,,. For example, a single fissionable isotope (i) may produce different precursors (C, ;)
belonging to any (or all) of the six delay groups. The characteristic delay yield for group m is

computed as a sum over all contributing fissionable isotopes to group m, v, = Zﬁm,iVm,i .

Eqg. (4.1) is the time dependent neutron transport equation with delayed neutrons, which
includes a source term corresponding to the production of delayed neutrons by precursor decay.
The change in precursor concentration over time is given by Eg. (4.2), which contains the
production of delayed neutron precursors via fission events and the loss of delayed neutron
precursors via radioactive decay.

F%m-wzt(r, E,t)}y(?, E.Q.t)=[dE'[dQo, (T, E' > E, Q- Oty (F,E, Q1)
\Y

2 2 E)[dEY, Z (7, EDG(F, E'Y) (4.2)
6
+>. > 4.Cpi(FESY)
i m=1l
£ € (LB = 20, (D) dEV, 2 (F EVDJF ELD - A.C, (FED (42)
Various definitions are stated below.
X, (E) = Prompt fission spectrum due to fission of isotope i (4.3)

Xmi (E) = Delayed neutron spectrum emitted by precursor m of isotope i (4.9
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v,i = (- /)v; = Prompt neutron yield due to fission of isotope i (4.5)

V.o.= = Delayed neutron yield emitted by precursor m of isotope i (4.6)

m,i m,i |

C,.. (r, E,t) = Concentration of precursor group m due to fission of @.7)
isotope i that always emit a delayed neutron at energy E '

It is important to note that in this formulation, the change in physical position of the precursors is
not considered and thus these equations cannot be used to treat “moving fuel” reactor types.

4.2 Point Kinetics Approximation
The point kinetics approximation assumes that the spatial shape of the flux and precursor
concentrations do not change with time and can be described with a solution to the steady state

problem, w, (7, E, Q). This approximation allows the flux and precursor densities to be written as
functions separable in space and time:

w (', E, Q) =n(t)y, (T, E,Q) (4.8)

C,(F.E)=2C, (F.Et)=c, (t)jdgz%(r, E,Q), m=1...6 (4.9)

where n(t) and c(t) describe the magnitude of the shape functions throughout time.

Substitution of the point kinetics approximation into the kinetics equations along with algebraic
manipulations leads to the point kinetics equations, where both spatial and isotopic dependence
are eliminated:

—n(t) PO~ 'Bn(t)+z Cn (1)
ﬂ (4.10)
acm () == n(®) = 4,6, (1

The reactivity quantity p(t) = ki —% is the reactivity change from the base state at time t. The
0

value g = Z,Bm is the total fraction of fission neutrons which are delayed, and A is the prompt

neutron lifetime, i.e. the average time between fission neutron birth to death (absorption or
leakage).
In point Kinetics, the time-dependent reactivity change p(t) is calculated as a function of

pre-calculated reactivity coefficients, meaning that the actual transport equation is not solved for
the true reactivity at later time steps. Additionally, the kinetics parameters A and g are
calculated only based on the base configuration and not updated as a function of time. These
assumptions limit the accuracy of the point kinetics method to perturbations in which the
reactivity insertions are fairly small (<100 pcm) and do not change the kinetics parameters
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significantly. It is very important to understand that point kinetics can still be very accurate for
large changes in reactivity so long as £ and A do not change significantly during the transient.

4.3 Adiabatic Approximation Implemented in PROTEUS-SN

The adiabatic approximation implemented in PROTEUS-SN is more accurate and versatile
than the point kinetics equations, but less accurate than the quasi-static approximation on which
it is based.

In the quasi-static class of kinetics methods [11,15], the time-dependence of the flux is
assumed to be dominated by a function independent of space, but smaller fluctuations in the
shape over time are also permitted. Therefore, the flux and precursor densities are expanded in a
factorizing approach as

w(F,E,Q,t) =n(t)e(F, E, 1), and (4.11)

Cu(F.E) =D C,,(F.E i) =c, (t)de¢(r, E,Qt). (4.12)

The time-dependence of the shape function ¢(F, E,Q,t) is assumed to be weak and bounded in

time by some constant, a condition which typically introduces a weighting function like the
adjoint flux. Insertion of these approximations into the full kinetics equations and performing
algebraic manipulations results in two sets of coupled equations. The first set of equations looks
like the point Kkinetics equations, where the reactivity and kinetics parameters are defined in

terms of the shape function ¢(F,E,,t) and another weighting function, typically either the

initial steady state or time-dependent adjoint flux. The second set of equations are a transport-
like system for the shape function including the delayed neutron source and other terms
unfamiliar to the steady state transport equation. Solving these equations by replacing the time
derivative of the shape function with a backward differencing scheme is known as the “improved
quasi-static approximation”.

To obtain the adiabatic approximation, a series of approximations are applied to the equation
for the shape function.
1) The time-derivative of the shape function is negligible, i.e. %gp(f,E,f),t) ~0 (quasi-

static approximation).

2) The shape of the delayed neutron source is not distinguished from the shape of the
prompt source, i.e. the time delay in the shape of the precursor distribution is neglected.
This results in only one fission source which is identical to the steady state fission source
(adiabatic approximation).

3) The time derivative of the magnitude function is neglected, i.e. %n(t) ~0 (adiabatic
approximation).
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These collective approximations reduce the shape equation to the familiar steady state
transport equation. Recall that in addition to the steady state transport equation, two other
equations are derived which differ from point kinetics because the kinetics parameters, A(t) and

B(t) are functions of time:

o) - At
F®= A n(t)+2 Cn(t)

Leult)- ﬂA(“)) ()~ 4o (1)

In the adiabatic approximation, the time-dependent kinetics parameters are defined in terms of
inner products (integral over space, angle, energy) on the adjoint and forward fluxes

(4.13)

@ (F,E,Q,t) and ¢(F, E,Q,t), which are solved at each time step using the steady state adjoint
and forward transport equations:

(0 300) _ (2ie0)  (aim)

At) = ~
O (PO EOe®) (#EO0®) (5E, o)
. (pO'E,,000) (2E, 000) (4E,,) 10
" e EQe®)  (HEWe®)  (gE ) |
1 1
P(t)=k—o—m
ADP() = %g(tmt)
(4.15)
A0)e ) —mF_a)(p (t)

The term F denotes the delayed fission source due to precursors in group m from isotope i,

E (F0)=[dEv, = (F,E.0)[dQp(F,E,Qt). Theterm F(t) is the total fission source from

both prompt and delayed neutrons. All of the basic approximations typically used to update
and A are shown in Eq. (4.14), where the first expression denotes recomputing the adjoint flux
and A and g at every timestep. We note that computing the adjoint flux at each time step is also

optional (middle column). Similarly, the re-computation of g and A can be made optional (last
column).

4.4 Implementation

At the beginning of the adiabatic kinetics calculation, the initial condition steady state forward
and adjoint calculations are performed to obtain the initial condition forward and adjoint
solutions, as well as initial power level (= n,). These values are used to obtain the initial kinetics
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parameters g, , and A, and k, from Eq. (4.14). The initial precursor concentrations are

obtained by

ﬂm,o

cC ,=——n 4,16
m,0 Ao'ﬂfm 0 ( )

For each subsequent time step, steady state forward and adjoint calculations are performed as
in Eg. (4.15). The solution of these steady state equations follows the same implementation as
described in previous chapters of this manual. The kinetics parameters A(t) and £(t) as well as

the reactivity are updated for the time step according to Eq. (4.14).

Given the updated kinetics parameters for the time step, the point kinetics equations in Eq.
(4.13) are solved over the time step using one of two techniques

One option in PROTEUS-SN is to use a fully implicit differencing scheme over the time step
t; to t;,,, where A(t) and S(t)are assumed to be constant over a time steps. This approach is

least accurate and efficient but is provided for verification purposes and simplicity. Applying this
scheme to Eq. (4.13) yields the discretized equations

j+1

n.,—-n.p —ﬂ M
j+1 j j+1
= n. +§ AC. . 4.17
tj+l_tj A j+1 poar] m~m, j+1 ( )
cC ..—C_.
Emgn T _ Py g (4.18)

t —t A j+l m™~m, j+1
-t
The reactivity p;,, is assumed to change linearly over the time step and can be written in terms
. 1 1 . .
of the eigenvalue as p,,, = PR Rearranging Egs. (4.17) and (4.18) to combine unknowns

j j+l
yields the linear system

1 Piu -p i 1
- n.,+ A tC ... = n. 4.19
{thl_t A } j+1 E{ m} m, j+1 t _t j ( )

] IR

1 - 1
+A +C_ ..+ nin,., = C. -
{tjﬂ_tj m} e { A } " {tm_tj} ! (4.20)

m=1...6

These equations are implemented into a linear algebra solver and propagated for each time
step in PROTEUS-SN. For more details on the derivation of the adiabatic methodology in
PROTEUS-SN, we refer the reader to Reference 11.

The alternative time dependent approach to solving this system is to use the Radau [16,17]
solver. The Radau solver is based on implicit Runge-Kutta methods of orders 5, 9 and 13 which
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are L-stable. In the approach, the Jacobian of the matrix system is evaluated at different points
over the time step which is conveniently provided by the preceding implicit differencing scheme.
The Radau solver is time step adaptive and auto corrects to the desired convergence accuracy.
While there are other approaches to solving this system which may yield more robust
performance, we feel that these two approaches are sufficient for the stated needs.
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5 Cross Sections

Multigroup cross sections for PROTEUS-SN can be generated externally using the MC?-3
fast reactor multigroup cross section generation code (or any codes which can generate
multigroup cross sections in the ISOTXS format) or internally using the cross section application
programming interface (API) which can handle the subgroup or resonance table libraries. This
section briefly describes the generation of multigroup cross sections for use in PROTEUS-SN.

5.1 Conventional Multigroup Cross Sections

PROTEUS-SN requires multigroup cross sections for each isotope of all the compositions in a
problem. Those multigroup cross sections can be provided from external codes in the ISOTXS
format. The MC?-3 code has been normally used to generate multigroup cross sections for fast
reactor analysis. In MC?2-3, resonance self-shielding of isotopes in homogeneous (0D) or 1D
geometries is performed based on the numerical integration of the point-wise cross sections
using the narrow resonance approximation. The heterogeneity effect for the 1D geometry is
accounted for in the resonance self-shielding by introducing the escape cross sections estimated
from the 1D collision probability calculation. The ultrafine group (UFG) transport calculation is
conducted and then the resulting flux and moment solutions are utilized to condense UFG cross
sections to broad group (BG) cross sections. If necessary, RZ-geometry core calculations may be
carried out to obtain more realistic region-wise UFG spectra for group condensation. Typically,
33 to 230 group cross sections with the historically optimized group structures are used for fast
reactor analyses.

Assembly-homogenized cross sections are typically used and verified through numerous
benchmark problems. The assembly-homogenized cross sections are generated using the OD or
1D calculations discussed above. However, MC?-3 is also capable of providing heterogeneous
cross sections which are to be used for heterogeneous-geometry core calculations with
PROTEUS-SN. The procedure using the heterogeneous cross sections is under verification.

5.2 Cross Section API

The cross section API is an external library developed by Argonne National Laboratory which
processes multigroup cross sections using the subgroup method or the generalized cross section
(resonance table) method. The cross section API linked to PROTEUS-SN produces multigroup
cross sections online for cross section regions in a problem. To do this, PROTEUS-SN should
provide a one-group fixed source transport solver to the cross section API. The multigroup cross
sections calculated from the cross section API are stored in the memory. This capability is still
being under verification.

5.2.1 Subgroup Cross Section Method
The subgroup method [18] determines the effective resonance cross sections without the
intermediate calculation of Dancoff factors, and thus it is useful for arbitrary geometry or direct
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whole core transport calculations in which spatially dependent self-shielding should be properly
considered. The flux solution is represented as below in terms of the background cross section

o, and the microscopic absorption cross section o, of resonance r.

Oy

P(u) = (5.1)

or(U)+o,’
where o, =10, +0,,and 1, o, and o, are the intermediate resonance parameter, the potential
cross section, and the escape cross section, respectively.

The resonance integral is approximated by quadratures and thus the effective absorption cross
section &, of resonance r is determined in terms of the subgroup weight w, and level o, and
flux solution ¢, for the broad group as

=r _ ann¢no_n . (52)

TS W

The subgroup parametersw, for individual isotopes are prepared as a function of background

cross section and temperature. Therefore, the resonance interference effect due to the presence of
other resonant isotopes in a mixture is accounted for using the Bondarenko iteration in which
other isotope cross sections are treated as a constant over the energy group. In the conventional
subgroup method, the parameters are determined using the background cross sections estimated
from the solution of a fixed source problem (FSP). From there, the Bondarenko iteration is
performed only with the subgroup parameters already determined from the FSP,

k k ZE
zwan(T)zan k Sk . k
n 2o T2 (T)+2,,
(M) = ka b, (5.3)
1- Wgn (T) e
2 sy
where 3, = absorption cross section of other resonant isotopes, w' , £* , =¥ = weighting factor,

absorption cross section, and background cross section, respectively, of subgroup level n of
isotope k.

The subgroup method requires considerable effort to prepare the subgroup parameters using
the least square method. It is also known that the subgroup method is appropriate for systems
with compositions in which there are only a few dominant resonant isotopes and there is minimal
or no resonance overlapping between the dominant resonant isotopes. Accordingly, it is noted
that the subgroup method has worked well for thermal systems where U-238 is a dominant
isotope, and the accurate treatment of the resonance cross sections of structural material is not
that important. The subgroup method may not work well for fast systems where there are
multiple dominant resonant isotopes and accurate estimation of resonance cross sections of
structural material is important.
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5.2.2 Generalized Cross Section Method

The conventional subgroup method has been widely and successfully used for light water
reactor analysis. However, it requires a significant effort to generate the subgroup parameters
with good performance, and thus those subgroup parameters and cross sections need to be re-
evaluated or re-generated for reactor cores with different spectrum conditions. Therefore, the
generalized cross section method [2] has been developed for its application to various reactor
types including LWR, HTR, and SFR.

Unlike the aforementioned subgroup method, the flux representation includes the contribution
of the scattering resonance cross section o, for resonance r .

Op
u)= , 5.4
) o,(u)+ Ao, (u)+o, 5.4)
where the background cross section is defined as
1
oy = 7o (T W + AT @] %, ). (55)

Similarly to the subgroup method, the escape cross sections X, accounting for the
heterogeneity effect are calculated by solving the one-group fixed source problem. Because of
the consideration of the scattering resonance cross section shown in Eq. (5.4), we use the
collision probability formation to calculate the background cross section as

g
Gg _ ZjZk#r PJ' Nkvj/lo-pvkvj ) (5.6)

' Z,- PN,V
where P} is the collision probably from region j to i. The escape cross section representing the

heterogeneity effect is defined as

2 =No8 =D, A%, (5.7)
Since calculating the collision probabilities in Eq. (5.6) is very expensive, the following two

fixed source problems for the resonant isotope r are solved
Q-Vy ! (r, Q) +[Z(r) + AZ{ (N]y! (r, Q) = Z

Q-Vy; (r, Q) +[23 (1) + A2 (Ny7 (r. ) = N, (),
Using the solutions of the two equations above, the background cross section in Eq. (5.6) can be
calculated as

A58, (r), (5.8)

k=r

jvi dv | dQys(r,Q) %
[av[, doviro) ¢

Since the total cross section including resonance cross sections should be determined by the
background cross section, the escape cross section in Eq. (5.7) can be determined by performing

g
Oy,

(5.9)
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2-N whole-core transport calculations, Eq. (5.8), where N is the number of resonant isotopes.
One to two more iterations may be normally sufficient to get the total cross sections converged.

For its general application, the base cross section library is constructed with ultrafine groups
(UFGs). The base UFG cross section library is generated using MC?-3 and NJOY. The library
includes the resonance cross section tables for absorption, nu-fission, and scattering cross
sections as a function of the background cross section and temperature for each isotope. The
number of the background cross sections for use in the resonance table should be different
depending upon isotopic characteristics, but maximum 20 data points are used in this study. The
UFG structure is composed of total 2158 groups from 20 MeV to 10™ eV. Relatively large
lethargies in the thermal energy range are assigned because there is no significant cross section
variation as in the resonance energy range. We use MC?-3 to obtain all cross section data above
0.414 eV and NJOY to collect thermal cross section below 0.414 eV and update scattering data
below 3 eV. The resonance cross section tables are calculated using the hyperfine group
(~600,000) slowing-down calculation option of MC?-3.

Preliminary verification tests indicate that the base UFG cross section library is able to
accurately estimate eigenvalue and cross sections for various compositions with different
characteristics. Since, however, an UFG is too many for the practical use, it is necessary to be
reduced to a practical number of groups. Thus, we use a group condensation optimization
algorithm to condense an UFG library to a broad group (BG) library with minimizing the
accuracy loss. Once a reactor of interest is selected, the UFG transport calculation is first
performed with a representative homogeneous composition to determine the UFG neutron
spectrum. Next, multiple homogeneous and heterogeneous compositions available for the
specific core(s) are prepared to determine the BG boundaries which can best approximate the
solutions with the UFG cross section library in terms of partial reaction rates (absorption and nu-
fission) and eigenvalue.

In the group condensation optimization process [2], the group condensation progresses from
the highest group until the differences of the following quantities reach a user criterion:

St =Mk TKE, &, =AZ! @ 12 g5 and g, = AVE' g V2@, where G is a broad group
containing UFGs and i is an isotope. The evaluation of k. during condensation is important

since it allows us to check the contribution of the scattering cross section between UFG and BG
structures. Once the difference is greater than a user-specified criterion, the group condensation
process moves on to the next ultrafine group and starts evaluating the next broad group. Note
that the ultrafine group structure is used for the previous broad groups such that the contribution
of group condensation to eigenvalue and reaction rates is limited only to the broad group of
evaluation.

The UFG-based intermediate resonance (IR) parameters for an isotope mixed with U-238 and
hydrogen are calculated by comparing the accurate resonance cross section derived from the
hyperfine-group reference calculation and that estimated from the pre-calculated resonance table
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with the background cross section. In fact, the IR parameters should be updated depending on the
broad group structure.

The followings summarize the keys in the cross section library generation procedure:

e The master cross section library is based on the 2158 ultrafine group structure, which
includes the resonance cross section tables for absorption, nu-fission, and scattering
reactions. The resonance cross section tables are produced by MC?-3 with the hyperfine
group slowing-down calculation capability.

e The broad group cross section library for a reactor or reactor type of interest is determined by
the group condensation optimization algorithm minimizing the change of eigenvalue and
reaction rates from the ultrafine group solutions. In this process, various compositions of a
reactor or reactor type of interest are used. With the resulting broad group structure and the
reactor-representative neutron spectrum, the base ultrafine group cross section library is
condensed to a broad group library.

e For the local heterogeneity effect, the escape cross sections are determined iteratively as
described in the previous section - Egs. (5.7), (5.8), and (5.9).

e This method still relies on the Bondarenko iteration to account for the resonance interference
effect. It is noticed that the errors in the detailed broad group cross sections are often reduced
with a smaller number of energy groups due to error cancellation.
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6 Using PROTEUS-SN

For a detailed description of input, output, and usage, we refer the reader to the companion
user guide to PROTEUS-SN [19]. However, for convenience, we provide a brief summary of
these items here.

6.1 Input

PROTEUS-SN requires 4 input files: multi-group cross section data file, finite element mesh,
material assignment (mapping compositions to mesh) file, and a driver input file. The first two
files must appear is specific file formats described in the user manual. The MC?-3 fast reactor
cross section generation code is typically used to produce the cross section file. The finite
element mesh can be generated using a number of tools, but must be converted by the user to the
PROTEUS-compatible format. The recommended mesh-generator options at this time are
MeshKit (.h5m) and Cubit (.e), as these mesh files can easily be read in or converted to
PROTEUS-compatible formats using the MOAB library. The material assignment file and driver
input file are simple readable text files created by the user.

6.2 Output

6.2.1 Steady State Calculations

PROTEUS-SN produces two main types of output files for forward calculations. A simple
text file echoes all the input options, parallel decomposition information, the outer iteration
convergence history, final eigenvalue, and simple parallel timing data. Additionally, the full flux
solution can be exported. The “UNIC” plugin in Vislt can be used to directly import the full flux
solution for visualization and analysis. In addition to containing the full flux solution, the output
file also includes mesh, composition, power, and certain reaction rates (namely absorption). The
output is described in more detail in the companion manual (user guide). For adjoint calculations,
only the simple text file is produced.

6.2.2 Time-Dependent Calculations
PROTEUS-SN produces output files for time-dependent calculations at each time step. For
example, the eigenvalue history is output along with updated power level, and updated Aand S

(upon request). The full solution is exported to file upon request at each time step.
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APPENDIX A. FINITE ELEMENT SPATIAL APPROXIMATION

This appendix is focused on the general procedures used in the finite element method used to
evaluate the spatial integrals. It is common in finite element approximations to define a reference
element to which all of the finite elements in the mesh are individually transformed. The
reference elements used in this work were taken from reference 1, an example of which is shown
in Figure A.1.

7 7

(0,1) ¢ (0,1) ¢

(0,05

1 2
(0,0) 0) £ (0,0

B

050 (10
Figure A.1. Linear (Left) and Quadratic (Right) Master Triangular Elements

The class of finite elements chosen for this work is termed iso-parametric. Iso-parametric
elements use the same trial functions to approximate the independent variable and to perform the
transformation from the master element to any arbitrary element. To reduce the complexity of
the spatial integration only the linear triangular finite element scheme will be displayed.
Equation A.1 provides the linear triangular finite element trial functions.

1-&-n
L& )= ¢ (A1)

n

The ordering of the trial functions is important and it corresponds to the vertex indices indicated
in Figure A.1 (the vertex index labels are found on the interior of the master element).

The transformation from an arbitrary finite element to the master element is accomplished
using the following relations, where x, and y, are the spatial coordinates of the element

vertices.

X&) =D %L (&m) (A2)
y(&m =2 L (&n) (A-3)

Using these relationships, the Jacobian transformation matrix and inverse Jacobian matrix can be
defined as

53



PROTEUS-SN Methodology Manual
June 30, 2014

Zxk (ka(f 17) Zyk Lk(é,ﬂ)
J(E.n)= (A4)
Zxk L(§ n) Zyk L(f n)
K=J(, 77)‘1- (A.5)
The components of the two- dlmen3|onal V operator can now be expressed as
LLn=K,, §L((§ MK LEm) (A5)
d ¥\ —
d—yLk(r)—Kz,l e L (¢, 77)+K22 L (&) (A7)

Using these relationships we can show the calculation of the volumetric based matrices typically
carried out in methods that utilize a finite element approximation. In what follows, |J(&,7)|

represents the determinant of the Jacobian matrix

[ ViLOWVL (Y, = | I[Km LEDK, = L(En|T(E n)@dédn

d§ j
+2”{ ZFrh — L, n)Klz L (& T, n)l}didn (A.8)
+”{7<12 L (S, 77)7<12 L J(Em|TE, n)l}dfdn

[ VLW, L (v, jj{ 2 g HEMKs L(5n>|J(cfn>|}dfdn

+2[] [Kal L& mK,, dd L, (&.m|J (&, n)l}dédn (A.9)
+H{K2,2—Li (& mMK,, dd L, (& m)|T(, n)@dgdn
YL OV OV, = [ ]| Koy 2 LKy - L& T )] dedn
cf d§
+ I 7<1,1 LEnKea = LEmIE 77)| dedy
T g (A.10)
#fJ K L PKas gz LEMTE 77)| dedn
i d
]| K g b DKoz LEnE n)| dédy
[ VL VL OV, =[[ L0750V ] (A1)
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[ ViLOL Y, = [ | K, = LEmL, (&, n)lJ(én)I}dfdn

Kt
Ko

(A.12)

[ KL LEmL EnlTe, n)@dgdn

.[VZLe(r)LT(r)dV ”{Ku L (&)L, (&, ,7)|J(§ 77)|}d§d77
(A.13)

+“.{Kz,z E L (& L, (fvﬂ)U(fﬂ])@dfdn
[ LOLOWV, = [ [LEL Em|TEn|dedn o

The surface integrations are more complicated due to the type of integration that must be
performed. In short generic expressions similar to those shown for the volumetric integrations
can only be obtained for one-dimensional elements, quadrilateral elements, and hexahedral
elements. This is due to the ability of directly utilizing the Jacobian for calculating the cross
product in the surface area differential component. For those elements with triangular based
geometry, a unique linear combination of the components of the Jacobian occurs.

Fortunately, such occurrences can be exclusively linked to the outward normal associated
with the targeted element surface in the reference frame. For clarity, Figure A.2 shows the
reference elements for 2-D quadrilateral elements.

7 7
. L1 T 0.1
i1,1) (‘ ) oL a (6:) . (L1)
(71,0)08 40(1,0)
1 2 £ 1 ¥y 3 ¢
(1,1) (1,.1) (L1 (01 (1D

Figure A.2. Linear (Left) and Quadratic (Right) Master Quadrilateral Elements

From Figure A.1, we can see that there are two surfaces for the triangular element which are
similar to the quadrilateral and thus will have a similar outward normal. In this way, the surface
integration is not element specific, but specific to all of the unique outward normals derived from
all of the elements that exist in the element library. This bookkeeping information must
obviously be maintained in the code such that the integration type is known. The alternative is to
develop a separate set of integration routines for every element type in the library. For
completeness, we present the integration information for the triangular elements where that
utilized for quadrilaterals and hexahedrons can be found in the literature.

A.1  Surface Integration for Two-dimensional Triangular Elements
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Consider a transformation which maps the standard triangular element P1P,P3 in onto the
reference triangle Q1Q,Qs Figure A.3. Suppose that the line segments P;P,, P,P3, and P3P are
respectively mapped onto the curves Q:Q,, Q:Qs; and QzQi, and that the transformation is
represented as:

x=f(&n)
y=09(&mn) (A.15)
z=¢
n ¥
& & Q3 ¢
1€
n
Q1 Q2
P Fz ~
O 1 >¢ O =

Figure A.3. A Reference Element (Left) and an General Element (Right)

Then, the curves Q:Q>, Q2Q3 and Q3Q; are represented by functions of a single parameter as

x=1(£,0)

y=9(s.0) (A.16)
z=0

X= f(§,1—§)= f(l_ﬂ!ﬂ)

y=0(51-¢8)=9l-nn) (A.17)
z=0

x=1(0,7)

y =9(0,7) (A.18)
z=0

Denoting the position vector on the curves by r=(x,y,z)" and the arc length along the
curves by s, the tangential vectors of the curves Q:Q-, Q-Q3 and Q3Q; can be written as

o
0&
(o dr_|ag |dg (A.19)
ds | o0& |ds
0
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o _at o _oa
o0& on o5 0On
(_9dr_jo9g odg|de_ | d9 ag \dy (A.20)
ds | o0& On |ds o0& oOn |ds
0 0
o
on
g dr_| g (dn (A.21)
ds | on|ds
0

Therefore, the normal vectors of the vertical surfaces that contain the curves Q1Q,, Q.Qs3 and
Q3Q; can be determined by the cross product txk as

a9
0&
no|_ 9o |dg (A.22)
o0& | ds
0
99 _ 99 a9 _ 99
o0& dn 0§ on
ho| A A de | of o |dy (A23)
o&  on | ds o& o |ds
0 0
a9
on
no|_ o |dn (A.24)
on | ds
0

At a point Q(X,Yy,z) on these vertical surfaces, a differential surface area vector do is
defined by a vector whose length is equal to the element of surface area do associated with P
and whose direction coincides with the normal vector n at Q. On the aforementioned vertical
surfaces, it can be determined as
do = dr x (kdz) = (tds) x (kdg) = ndsdg (A.25)
Thus the differential surface area vectors of the vertical surfaces that contain the curves Q:Q3,
Q2Q3 and Q3Q; can be represented as
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a9
o¢
de = _a d&d (A.26)
oE | o ° |
0
a9_9 a9 _ o9
o on oc on
of of of of
de=|-—+—1d =—-——+—|dnd A.27
c ¢ on fg o oy |10e (A.27)
0 0
9
on
do = _o dndg (A.28)
on
0
The elements of surface area do = do | are given by
r 2 2 1/2
of g
do=||— — d A.29
° %J J{@é } e A 2)
: 2 2—1/2
do = a_a - 9 _%9 dédg
o0& 0On o& On
- i (A.30)
2 2
o0& on o0& on
r 2 2 1/2
do = a + e} dndg (A.31)
on an

For a linear two-dimensional triangular finite element, we can define the following
transformation

x=f(&n)=a+bn+c,

y=9(&.n)=ac+bn+c, (A.33)
Z=¢

This transformation maps the points P,(0,0), P,(10), and P;(01) to Q,(c,,c,),
Q,(a, +c,,a, +c,), and Q,(b, +c,,b, +c,), respectively. Thus, the lengths of line segments

QiQz Q:Qs, and Q;Q: are \Ja’+a?, /(b —a,)*+(b,~a,)?, and /b +b? . The length
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elements of the line segments Q1Q>, Q.Q3 and Q3Q can be determined from equations A.29 to

A.31 as
—af 2 a 21/2
g 2 2
ds=|| — = d& =./a’ +a‘d
agj {%H £= falvalde
:6f oY (g og)l
g (0] 2 2
ds=|| Z 24| {2 A dé=J(a. b a. —b. Fd
= anj +(6§ an” &=\(a,~b,)" +(a, -b, fdz
:af 2 a 21/2
g 2 2
ds=|| 2| 4| & dn = /o2 +b2dn (A.36
677) {577” =0+, A (A30)

(A.34)

(A.35)

Integr_ation of Egs. A.34 to A.36 yields the exact lengths of line segments Q1Q,, Q2Q3 and Q3Q;.

A.2  Surface Integration for Three-dimensional Tetrahedral Elements

Suppose that a transformation which maps the standard triangular element P;P,P; onto

Q1Q2Qz is given by

. P2 .
> n L
P

g

Figure A.4. A Reference Element (Left) and an General Element (Right)
x=1(&n.¢)
y =9(&.7.9)
z=h(&,n,¢)

and the surface equation for the triangle P1P,P3 is given by

a(é,m,¢)=0.

(A.37)

(A.38)

The surface Q;Q2Qs is represented by two parameters since the variables &, 7, and ¢ are
constrained by Eq. A.38. For example, if Eg. A.38 can be solved for ¢, it can be represented by

two parameters £ and 7. In this case, two tangent vectors t, and t, can be defined as
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tlZE :ﬂ_{_ga_g:(ﬁ+ia_gj|+(a_g+a_g%jj+(a_h+a_ha_ng (A39)
dg|, 9& 0go& (o5 0g o ¢ 05 0¢ o0& 0g 0

t2 :E :ﬂ+ﬂ6_§' :(ﬂ+i%j| +(a_g+a_ga_g)1+(a_h+a_h%jk (A40)
dn|, on ogon \on Ogon on 0g on on 0g on

The partial derivatives d¢/0& and dg/on can be determined from Eq. A.37 as
Og _ Oaldg

= (A.41)
o0& oalog
Og __oOalon (A.42)
on oaldc
Substituting Egs. A.41 and A.42 into Egs. A.39 and A.40, we obtain
. _(anl(ar oa or 805)
== | ==-==
0 o0& 0¢ Og 0
gil ¢ 0g 0g 0 (A43)
_(2a)[( o oa _of oa) (090a _ogoa); (ohoa ohoa)
Jg 0¢ 0g 0 05 0¢ 0g 0 05 0¢ 0g 0 05
. _(aajl( or oo or 605)
= — | | == -2
0 on ¢ Og O
S . nog g on (A.44)
_(2e)[(2f e _of a) (cg0a _cgoa), (ohoa_ohoa)
J¢ on dg  0Og On on dg  0Og on on dg  0Og on
Therefore, the differential surface area vector de can be determined as
do =ndo = (t, xt,)d&ddn  (A.45)
where n is the normal vector at a point Q(x, Yy, z) of the element Q;Q.Q:s.
If Eq. A.38 can be solved for &, the two tangent vectors t, and t, are defined as
o
dn .
1 (A.46)
_(2a)'[( o oa_of oa), (090a_ogda), (ohoa_ohoa),
o0& on o0& 0& on on o0& 90& on on o& 0& on
-4
d¢ .
(A.47)

(a_aj (ﬁa_a_ﬂa_aHa_ga_a_a_g@_aj ,-{@i%@%jk
o¢ dg 05 0¢ Og dg 05 0¢ Og dg 05 0¢ Og

and the differential surface area vector de is determined as
de =ndo = (t, xt,)dndg (A.48)
If Eq. (38) can be solved for 7, the two tangent vectors t, and t, are defined as
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(a_aJ [ia_a_ié‘_a} (
“on o0& on  on O&

and the differential surface area vector de is determined as

do =ndo = (t, xt,)dgd&

(A.49)
ohoa_ohoa
0g 0n 0g on
(A.50)
o9 da  og Oa ). L ohda ohda «
o0& on on o0&
(A.51)

Given the proceeding derivations, we can display the implementation results for a four surfaces
of a linear tetrahedron. Taking the surface defined as

a(&n.¢)=n=0
x=1(&.n)
y=9(&m)
Z=¢
we obtain the two tangent vectors
ORIl LIV
os Og~ Ocg
tzzaf' a_g ahk ﬂ. a_gJ

o Toed o o ok

and the differential area

(o9 & )
_(85’ aﬁ’OJ fede

2 2 1/2
of g
%) (&) } e
Similarly, we can pick the surface
a(&n.6)=¢6=0
x=1(&\n)
y=9(&m)

L=¢
and obtain the tangent vectors
of og j+ oh af g

do =

t,=—Ii+—j+—k= +—=]
on on~ On 8n on
t,= afi+£’;—g-j -Qhk k
os Oc~ Og

and the differential area
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t
do = (@,—E,OJ dndg
on

on

do =

2 2 1/2
a + a dndg
on on

Picking the other surface we have

a(&nc)=5+n
x=1(&n)
y=9(&n)

Z=¢
and the tangent v

(af af].
t,=|———|i
on o0&

Kaf of
do=|| L _T
o8 on

a(én.¢)=5+n
x=1(&n.¢)
y=9(&n,¢5)
z=h(¢,n,5)

~1=0

ectors

2 2 1/2
+ 9_9 dndg
o aon

Finally, we can pick the remaining surface

+5-1=0

To get the tangent vectors

(af 8fj.
t,=| ———|i
o0& oOc

And the different
og a9

95 0Og

do = oh_oh

J¢ 0
of of

9 0Og
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o0& oc

of of ).
t, = a———|+
n Og

a9 g
-
ial areas
oh ¢oh

on Og
of of

on 0Og
og 09

on 0Jg

oh _oh)
o5 ¢

. (oh oh
j+|——-—1
on 0Og

oh ¢oh

o5 0Og
of of

P
a9 a9

o5 0Og

a9 _dg

on Og
oh éh

on Og
of of

on Og
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on 0g on 0¢ on  0¢
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(A.60)

(A.61)

(A.62)

99 _ 99|
o agjj (A.63)

(A.64)

(A.65)

(A.66)

(A.67)

(A.68)
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o322 2la-)
1 \eg og \on as) \og og \on og
i
o, O¢c \on Og o, Oc \on Og

2 1/
e e T B e | R
¢ Odg \on oOg) \05 0Og \on Og
Clearly these expressions are complicated, but all of the components are fundamentally in the

Jacobian defined in Eg. A.4. In this manner, we can use the differential area and the shape
functions to construct derivatives as done in Egs. A.5 and A.6 as necessary to build matrices

similar to Egs. A.8 through A.14.
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APPENDIX B. ANGULAR CUBATURE IN PROTEUS-SN

Given the long history of discrete ordinates approximations of the neutron transport equation,
angular cubature have undergone quite a substantial amount of development. All of the angular
cubature that exists cannot obviously be discussed here and thus we only focus on those that are
relevant for two- and three-dimensional Cartesian implementations in the PROTEUS code.

B.1 Carlson’s Level Symmetric Cubature

A substantial number of angular cubature that are currently used in the field of neutronics can
trace their origins to the work of Bengt G. Carlson [1,2]. His focus was to develop sets of angular
cubature which could be used in discrete ordinates, finite difference codes for structure
Cartesian, hexagonal, and R-Z geometries. We can separate this work into two pieces: level
symmetric and the Legendre-Tchebychev product cubature.

The level symmetric cubature is based upon the double tetragon which has a total of eight
external triangular surfaces. This surface geometry is very similar to the two-dimensional surface
of a sphere when it is split along the coordinate axes. Three separate level-symmetric cubatures
were proposed by Carlson. The first Carlson method [1] used even-moment conditions to
develop a set of equations which gave the necessary set of weights. The second Carlson method
[1] used level-moment conditions to obtain the weights. The third Carlson method [2] imposed
that all abscissas weights were equal. To produce a one-to-one angular mapping for reflected
boundary conditions (to avoid interpolation), Carlson focused on placing points in a triangular
pattern (Pascal’s) inside of the triangle segments on the surface of the sphere. In this manner, the
points were laid out to be rotationally symmetric about the coordinate axes such that the number
of degrees of freedom were reduced, however, additional symmetry conditions were typically
required to develop a closed set of equations. These cubature follow the well known even order
series 2,4,6,8, etc., which has become synonymous with discrete ordinates methods.

Both the first and second level symmetric cubatures had the drawback of generating negative
weights after 20" order. The equal weight cubature defines R/2 equations, which when
combined, formed an R™ order equation in terms of the largest azimuthal angle (8). After
obtaining the smallest root from this equation, it can be back substituted into the other equations
to define the entire set of abscissas. This approach is quite effective and appears to define a gauss
rule, but it is very difficult to code up in a general fashion. As stated by Carlson, the set of R/2
equations were arrived at via a “trial and error” procedure thus adding more uncertainty to the
possibility of producing a viable program to obtain the weights and abscissas at very high orders.
We note that there are other level symmetric cubatures proposed by Carlson, but these generally
had negative weights or were of insufficient accuracy in the literature.

Given the presence of the spherical harmonics code, some early work indicated problems
with the first two level symmetric cubatures based upon even moment conditions (LSQ) and
level moment conditions (LSL). In short, those cubature higher than Si, (Si4, Sis,...,Sn) Were
stated to be of higher order, yet they only possessed accuracy of order S1;. One can check this by
performing the integration of Eg. B.1 on the unit sphere for the set of spherical harmonics that
are of order L=N. In Table B.1, we have shown the results where L=N-1 for comparison
purposes to our new work.
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[daym(Q)=a" (B.1)
Table B.1. Level-Symmetric Integration Results for Eq. (B.1).
LSQ? LSL"Y,"
N ] Max ] Max
Points Points
Error Error
2 8 0.E+0 |8 0.E+0
4 24 2.E-16 |24 2E-16
6 48 8.E-16 | 48 6E-16
8 80 2.E-15 |80 1E-16

10 | 120 3.E-14 | 120 1E-15
12 | 168 1.E-14 | 168 2E-15
14 | 224 1.E-2 224 2E-15

16 | 288 2.E-2 288 8E-16

®Level symmetric even-moment conditions (Carlson).
®Level symmetric level-moment abscissas with Y,™ rules (follow an odd order series).

It is unclear whether Eq. B.1 was solved by Carlson or others since using his cubatures, but it
is clear that errors are immediately present for order S, or higher. It is important to note that this
was found only to exist with the even-moment and level-moment cubature and not with the equal
weight cubature. After some study, we determined that the additional symmetry conditions
implemented by Carlson to obtain the point weights failed to obey the complete rotational
symmetry of the polynomials on the unit sphere and thus the set of weights fail to produce the
correct integration.

As an alternative approach to Carlson’s, we chose to investigate the possibility of using a
least squares procedure on Carlson’s set of abscissas. As one would expect, the additional
symmetry conditions imposed by Carlson (rotational groups on the first octant) reduces the
viable set of spherical harmonics that can be used as constraints. First, the upper and lower
hemisphere symmetry eliminates all the odd parity spherical harmonics. Second, the octant to
octant symmetry eliminates the sine series of the even-parity set of spherical harmonics. Finally,
the rotational symmetry within the octant eliminates the odd m terms of the cosine series of the
even-parity spherical harmonics. The remaining set of spherical harmonics is defined in Eq. B.2
followed with the accompanying equation defining the number of moments in the series of L"
order.

L 1-0,2,...L
Swzla)-fm(@pai., ot e
_(L+1)(L+3) L=135,... (B.3)

8
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As it turns out, the number of abscissas on the first octant for the Carlson cubature is given by
Eq. B.4 and M=N when L=R+1.
N=—R(F;+2) R=2,46,... (B.4)
This means we can exactly define an odd order cubature rule without requiring the use of
more spherical harmonic moments than abscissas. It is important to note that this set of spherical
harmonics closely resembles the set of monomials chosen by Carlson in the even-moment
method. Figure B.1 shows three selected cubature from Carlson along with the fitted results for
the equivalent set of abscissas (the level-moment abscissas and those derived from even-moment
conditions are effectively the same). As one would expect the set of weights between the two
approaches are significantly different. However, the same rotational symmetry properties of the
weights are observable in both cubatures. Unfortunately, this approach produces negative
weights at order S;7 and above order S;. Although the resulting set of weights exactly meets the
integration requirements defined by Eq. (2), at high orders (Sss+), the magnitudes of the
individual weights are greater than 1.0 which indicates some degree of non-physical oscillations
in the distribution of weights. Consequently, one must question the impact that this will have
upon solution of the discrete ordinates or characteristics equations.

Figure B.1. Carlson Sy, S15, and S;s Even-Moment Level Symmetric (top)
Least Squares Fitted S, S11, and S35 Level Symmetric (bottom)

In summary, both our approach and Carlson’s, negative weights are generated after order
N=20, however, our approach yields cubature whose order of integration is consistent with the
specified order N of the cubature. The primary problem with all of Carlson’s work is that it is
very difficult to construct a general computer algorithm to generate the cubature for any order R
where negative weights are avoided. A greater problem is that the first and second methods
proposed by Carlson are not consistent with the stated order.
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B.2 Legendre-Tchebychev Product Cubature

The origin of the Legendre-Tchebychev product cubature is not clear from the literature, but
the earliest record we have found is Carlson [1]. The idea behind the Legendre-Tchebychev
cubature is to combine the one-dimensional cubatures to form a two-dimensional cubature. We
start with the general targeted integral of Eq. B.5.

s

[dat(a) :IdQTd¢ f (6,4)sin(0) (B.5)

For the @ variable, we utilize the transformation given by Eq. B.6 such that we can implement
the well known Legendre cubature where we assume the transformation from f(9,¢) to

f (1, ¢) is smooth.

=cos(6
p=cos(9) (B56)
du=sin(6)dé
Implementing Eq. B.6 into Eq. B.5 reduces the integral to
. 1 2
def(Q)zId,u_[d¢f(,u,¢) (B.7)
Arx -1 0
To transform the ¢ variable, we first split the range of integration such that we can write
. 1 V4 1 2z
def(Q):jdyjdgzsf(y,¢)+jdyjd¢f(y,¢) (B.8)
Ar -1 0 -1 V4

To put Eg. B.8 into a form acceptable for Tchebychev integration, we make the following
variable substitution

h=cos(¢) 59)
dh =sin(¢)d¢
We note the rule defined by Eq. B.10
pan'+¢t =1
p=cos(0) (B.10)

1 =sin(&)cos(¢)
¢ =sin(@)sin(¢)
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This allows us to replace sin(¢) in Eq. B.9 such that we can write

h=cos(¢)

B.11
dh oy (B.11)
1—h?

and

[dof (Q) =jdyjd¢f(y,¢)+jdu2fd¢ f(u.9)
in 500 . (B.12)

:idyi% f (y,h)+jdyi% f(u,h")

where it is understood that the transformation h and /4’ are different due to the range of the ¢

variable in the substitution. To carry out the integration, we can implement the Legendre
polynomial based cubature in the x direction and the Tchebychev cubature in the h integration.

The presence of the split integration in Eq. B.12 can be eliminated by proper selection of points
in the space of Eqg. B.10.

The primary advantage of this product cubature is its ability to exactly integrate a set of
spherical harmonics and an easy to write construction algorithm. The most common path used
for implementing the preceding cubature is termed Square Legendre-Tchebychev such that the
order of the Tchebychev and Legendre series are the same. Another commonly used approach is
termed Triangular Legendre-Tchebychev which forms a triangular pattern on the surface of the
sphere similarly to the preceding level-symmetric cubature. Other notable uses are the so called
double Legendre-Tchebychev where the Legendre series is defined over 0 to . Of course, the
real potential of a product cubature lies in its ability to use different orders for the one-
dimensional spaces and thus tailor the number of points on the sphere for the problem of interest.
Figure B.2 shows three examples of the square Legendre-Tchebychev along with three examples
of the Triangular Legendre-Tchebychev which are of comparable order to those defined earlier
for the level-symmetric cubatures. Table B.2 shows the integration results using the Legendre-
Tchebychev cubature for Eq. B.1. Note that the poor performance of the Triangular Legendre-
Tchebychev cubature is due to the inherent limitation of the construction algorithm.
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Figure B.2. Square (top) and Triangular (bottom) Legendre-Tchebychev

Table B.2. Legendre-Tchebychev Integration Error for Equation B.1

Py Square Triangular | p,, | Square Triangular
Legendre- | | egendre- Legendre- | | egendre-

Order Tchebychev | Tchebychev Order Tchebychev | Tchebychev

1 0.0E+00 0.0E+00 27 4.9E-14 5.8E-01

3 0.0E+00 0.0E+00 29 5.8E-14 4.4E-01

5 2.8E-15 1.2E+00 31 6.9E-14 5.3E-01

7 9.2E-13 3.0E-01 33 7.6E-14 4.4E-01

9 7.7E-15 1.1E+00 35 8.1E-14 4.9E-01

11 9.2E-15 5.2E-01 37 7.8E-14 4.3E-01

13 5.7E-14 8.9E-01 39 8.9E-14 4.4E-01

15 7.0E-15 6.2E-01 41 8.5E-14 4.1E-01

17 7.4E-15 7.1E-01 43 8.7E-14 4.0E-01

19 6.7E-15 6.4E-01 45 7.4E-14 4.0E-01

21 1.6E-14 5.7E-01 47 8.6E-14 3.6E-01

23 2.6E-14 6.2E-01 49 8.9E-14 3.8E-01

25 4.2E-14 4.7E-01 51 8.3E-14 3.3E-01
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B.3 Thurgood Cubature

The Thurgood cubature [3] was posed as an alternative to Carlson’s in the field of mechanical
engineering for the solution of the gamma ray transport equation. The goal of course was to
avoid the problems associated with generating negative weights past order 20 with the overriding
goal of defining more points on the unit sphere. In this regard, they paid no attention to the
ability of the cubature to integrate the spherical harmonics past 1% order. Similar to Carlson, they
assume rotational symmetry of the abscissa distribution on the first octant. They take a reference
equilateral triangle domain as shown in Figure B.3 and split the domain into a series of equal
area triangles.

Upper

§ 02
3 2
o3 3
o3 1 o3
3 o3
» » Lower

Figure B.3. Thurgood Triangulation of the Equilateral Triangle.

The abscissa locations are defined as the centroids of the equivalent spherical triangles. The
mapping between the abscissas in this system to the 1% octant is straightforward and the set of
abscissas that are equally spaced on the equilateral triangle turn out to be biased towards the
corners of the spherical triangle that defines the 1% octant. This is the opposite of the Carlson
approach where the points are biased towards the centroid of the spherical triangle. As it turns
out, the Thurgood method imposes an abscissa layout which is basically equivalent to two
merged Carleson level symmetric cubatures although the selection of the abscissas is quite
different. As an example, the upper triangle abscissa layout is equivalent to the Sg Carlson layout
while the lower triangle abscissas layout is equivalent to the Sg Carlson layout. As a consequence
we can implement the same fitting rules used for Carlson abscissas with respect to the upper and
lower set of triangles. As one would expect, this approach also leads to negative weights past
order 21. Curiously, the S;7 cubature does not yield negative weights and the relative size of the
negative weights appears to be better distributed in the Thurgood cubature than the Carlson up to
order S4;. After this order, the weights start to increase dramatically as seen with the Carlson
approach. Figure B.4 shows three resolution orders of the Thurgood cubature equivalent to those
of the level-symmetric cubatures. Although the cubature may appear to violate the fundamental
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symmetry properties, this is only an artifact of the two merged level symmetric cubatures and the
resulting meshing of the set of points. Table B.3 shows the integration results for Eq. B.1 for
both the fitted and unfitted Thurgood cubature.

Figure B.4. Thurgood (top) and Fitted Thurgood (bottom).
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Table B.3. Thurgood Integration Error for Equation B.1
Pn Thurgood | Py Thurgood
Order Thurgood Y," Fitted | Order Thurgood Y," Fitted
1 0.0E+00 | 4.4E-16 | 27 2.0E-03 1.6E-15
3 2.2E-16 | 44E-16 | 29 1.9E-03 | 2.7E-15
5 8.5E-02 |6.7E-16 | 31 1.5E-03 | 3.4E-15
7 2.2E-02 1.8E-15 | 33 1.5E-03 | 2.4E-15
9 1.6E-02 |6.7E-16 | 35 1.3E-03 | 0.0E+00
11 1.1E-02 1.1E-15 | 37 1.2E-03 | 6.7E-16
13 8.1E-03 | 1.8E-15 | 39 1.0E-03 | 2.4E-15
15 6.2E-03 | 44E-16 |41 1.0E-03 1.6E-15
17 57E-03 | 1.6E-15 |43 8.9E-04 | 5.6E-15
19 3.9E-03 |44E-16 |45 8.6E-04 | 6.7E-16
21 3.3E-03 | 6.7E-16 | 47 7.6E-04 | 49E-15
23 2.7E-03 | 1.1E-15 |49 7.4E-04 | 0.0E+00
25 2.3E-03 | 11E-16 |51 6.6E-04 | 6.0E-15

B.4 Lebedev-Laikov Cubature

The Lebedev-Laikov cubature [4] is rather interesting because it follows an odd order series
and is relatively unused in the neutronics field. The goal of developers of this cubature was to
minimize the number of points used to integrate a set of spherical harmonics. As will be shown
later, it is vastly superior in this capability when compared to any of the other cubatures. Its
primary drawback is the presence of directions along the coordinate axes and planes which
complicates the treatment of reflected boundary conditions. Also some negative weights exist in
some of the resolutions of the cubature. While a general construction algorithm cannot be built
for this cubature, sufficient data exists such that it is not a significant problem. Figure B.5 shows
plots of the weight distributions for cubature orders equivalent to the preceding Carlson and
Thurgood. As can be seen, the Lebedev-Laikov cubature sets are very coarse compared to the
Thurgood or Carlson cubature. Table B.4 shows the excellent integration abilities of the cubature
when used on Eq. B.1.
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Figure B.5. Lebedov-Laikov Cubature

Table B.4. Lebedev-Laikov Integration Error for Equation B.1.
Pn Lebedev- | Py Lebedev- | Py Lebedev-
Order | Laikov Order | Laikov Order | Laikov
2.2E-16 | 19 2.0E-15 | 37 1.0E-15
2.2E-16 |21 2.2E-15 | 39 1.0E-15
2.2E-16 | 23 44E-16 |41 1.0E-15
1.1E-16 |25 19E-15 |43 3.6E-15
0.0E+00 | 27 2.7E-15 | 45 3.6E-15
11 44E-16 | 29 2.1E-15 | 47 3.6E-15
13 3.3E-16 | 31 2.0E-15 |49 2.4E-15
15 8.9E-16 | 33 1.1E-15 |51 2.4E-15
17 44E-16 | 35 1.1E-15

O (N |Oo1 (W |-

B.5 COBE Sky Cube Cubature

The COBE sky cube based cubature [5] is based upon the projection of the cube to the
surface of the sphere rather than the double pyramid. The developers created a fitting function
which would distribute points from the cube onto the sphere in nearly equidistant manner. The
weights for this approach were set to be equal and were quite poor when used to integrate
spherical harmonics. While the originating purpose was to create a hierarchical interpolation
basis, we modified the code provided by the authors such that we filled in the missing
resolutions.

In an attempt to correct the integration problems, we again utilized the least squares
procedure. Due to the method employed in projection points from the cube to the sphere, we
found that the fitting procedure led to two separate fitting cases which we term even and odd
COBE. The results of this fitting are shown in Figure B.6 where the spherical harmonic fitting
procedure was used.
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Figure B.6. Even Order (top) and Odd Order COBE Cubature.
The results of the integration for Eg. B.1 are shown in Table B.5 (COBE odd is no more
effective than COBE even). Obviously more work is necessary to improve the integration
properties.

Table B.5. COBE Integration Error for Equation B.1.

Pn COBE COBE Even | Py COBE COBE Even
Order | Equal Weight | Y," Fitted Order | Equal Weight | Y," Fitted
1 1.1E-16 0.0E+00 27 6.6E-03 5.2E-03

3 1.1E-16 0.0E+00 29 4.0E-03 2.4E-03

5 8.9E-03 8.9E-02 31 4.0E-03 2.4E-03

7 5.7E-02 8.9E-02 33 3.4E-03 1.1E-03

9 1.6E-02 3.3E-02 35 3.4E-03 1.1E-03
11 1.8E-02 3.3E-02 37 5.3E-03 1.1E-03
13 1.3E-02 4.2E-02 39 3.0E-03 3.2E-03
15 1.3E-02 4.2E-02 41 3.0E-03 3.2E-03
17 2.5E-02 4.2E-02 43 2.8E-03 1.5E-03
19 8.0E-03 1.5E-02 45 2.8E-03 1.5E-03
21 1.2E-02 1.5E-02 47 2.8E-03 1.5E-03
23 5.0E-03 5.2E-03 49 2.7E-03 1.2E-03
25 5.0E-03 5.2E-03 51 2.7E-03 1.5E-03
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B.6 Tegmark Icosahedron Based Cubature

The Tegmark cubature is based upon an icosahedron projective base suggested by M.
Tegmark to improve the COBE sky cube method [6]. The icosahedron is the Platonic solid
closest in shape to the sphere, having twenty equilateral triangular faces and twelve vertices.
Tegmark showed that by pixelizing the triangular faces into equilateral triangles, shifting the
resulting vertices slightly to account for “stretching” effects, and then projecting the vertices onto
the sphere, a very uniform distribution of points can be obtained as seen in Figure B.7. The
resolution, R, of this icosahedron-based cubature leads to a set of abscissas on the unit sphere
defined by the equation

N =40R(R-1)+12. (B.13)

The first three sets consist of N=12, 92, and 252 absissas (92, 252, and 1126 are shown in
Figure B.7). A construction routine was provided by M. Tegmark and was modified to fit into
the framework of the UNIC Gauss library. For most neutron transport problems, only the first
five Tegmark resolutions are conceivably useful with the remainder only appropriate for high
order applications (a Tegmark resolution of 10 is comparable to a 60™ order level symmetric).
Given that Tegmark’s cubature is based upon the icosahedron projection to the surface of the
sphere, each triangle is broken up into a systematic pattern as shown in Figure B.8 which we
term corner based Tegmark.

Figure B.7. Corner Based Equal Weight (top) and Least Squares Fitted (bottom).
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R=1 R=2 R=3

Figure B.8 Tegmark Hierarchical Resolution of a Triangle on the Icosahedron.

Similar to the COBE sky cube cubature, the intent of Tegmark was to define a hierarchical
set of abscissas for sky map analysis. The first change we made was to introduce the “missing”
resolutions as was done for the COBE cubature such that the hierarchical approach is negated.
This alleviated the problem with a rapidly increasing number of points. The second change was
to introduce the triangular setup pattern as done by Carlson such that the points lie entirely
within the triangle which we term as center based Tegmark.

Overall, the primary drawback of this cubature is that it is only accurate up to 5™ order
spherical harmonics even though the construction routine can go much higher. As a consequence
we again utilize a least squares fitting procedure to try and improve the integration properties.
Given the symmetry condition on the hemisphere, we can remove the odd parity spherical
harmonic moments from the least squares procedure leaving just the set of even-parity spherical
harmonics. From Figure B.7, we can observe remarkably good symmetry properties in the
weights for the corner based method which translates well to the integration results for Eq. B.1 as
shown in Table B.6. This symmetry reflects the underlying 120 degree symmetry in the
icosahedron. The center based scheme displayed in Figure B.9, does not perform as well and
more work is required to improve its integration capabilities.

Figure B.9. Center Based Equal Weight (top) and Least Squares Fitted (bottom).
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Table B.6. Tegmark Integration Error for Equation B.1.

Corner Based Tegmark

Center Based Tegmark

PN Equal Y,\" Pn Equal Y™
Order | Weight | Fitted Order | Weight | Fitted

1 0.0E+00 | 2.2E-16 |1 2.2E-16 | 0.0E+00
3 1.2E-08 | 2.2E-16 |3 2.2E-16 | 0.0E+00
5 2.8E-09 | 24E-09 |5 3.1E-15 | 1.1E-16
7 4.7E-03 | 3.8E-07 |7 2.4E-02 | 1.1E-16
9 4,7E-03 | 3.8E-07 |9 2.2E-02 | 3.0E-03
11 15E-02 | 1.9E-07 |11 3.2E-02 | 2.3E-02
13 15E-02 | 3.4E-07 |13 2.0E-02 | 9.8E-03
15 1.5E-02 | 1.4E-06 15 2.0E-02 | 9.8E-03
17 1.1E-02 | 2.8E-07 |17 2.5E-02 | 1.1E-02
19 1.1E-02 | 3.0E-07 |19 2.0E-02 | 5.8E-03
21 1.1E-02 | 1.5E-06 |21 2.0E-02 | 5.8E-03
23 8.8E-03 | 1.6E-03 | 23 1.9E-02 | 3.2E-03
25 8.8E-03 | 2.2E-03 |25 1.9E-02 | 3.2E-03
27 8.8E-03 | 2.2E-03 | 27 1.7E-02 | 2.7E-03
29 4.7E-03 | 9.9E-04 | 29 1.7E-02 | 2.7E-03
31 4,7E-03 | 1.2E-03 |31 1.3E-02 | 2.6E-03
33 4.7E-03 | 1.2E-03 | 33 1.3E-02 | 2.6E-03
35 45E-03 | 7.5E-04 | 35 1.3E-02 | 2.6E-03
37 45E-03 | 7.5E-04 | 37 1.1E-02 | 2.8E-03
39 4.7E-03 | 7.5E-04 | 39 1.2E-02 | 2.8E-03
41 3.1E-03 | 7.3E-07 |41 1.0E-02 | 2.6E-04
43 3.1E-03 | 1.0E-06 |43 1.0E-02 | 2.6E-04
45 3.8E-03 | 1.0E-06 |45 8.5E-03 | 7.0E-04
47 3.0E-03 | 4.7E-04 |47 1.1E-02 | 7.0E-04
49 3.0E-03 | 4.7E-04 |49 8.3E-03 | 7.9E-04
51 3.1E-03 | 4.7E-04 |51 8.3E-03 | 7.9E-04
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B.7 Summary on Cubature

In conclusion, all of the above mentioned cubatures are currently implemented in the Gauss
module of the PROTEUS-SN code. Although cubatures are generated which provide acceptable
integration results, the presence of negative weights is generally detrimental to the likely success
of individual cubatures. Additional work is necessary to see if this can be fixed. With regard to
the problems at 20" order with the Carlson and Thurgood cubatures we believe this is a result of
the fact that the abscissa layout doesn’t obey the symmetry properties of the spherical harmonics
beyond this order. This would seem to indicate that a more preferable layout of points is possible
although this may lead to points lying along coordinate axes as is the case in the Lebedev-Laikov
and Tegmark cubatures. In such a case the cubature cannot be used in two-dimensional discrete
ordinates or characteristics.

Figure B.10 shows the number of points on the sphere for a given resolution of the cubature
for the preceding in the current coding (those cubatures that cannot properly integrate the set of
spherical harmonics are eliminated). Figure B.11 shows the corresponding “order” of the
cubature as a function of the resolution number. These numbers are reproduced in Tables B.7
through B.12 for all existing cubatures on the sphere that are maintained in the Gauss Library. As
can be seen, the Lebedev-Laikov cubature produces the least number of points followed directly
by the Legendre-Tchebychev product cubature. The Thurgood, Tegmark, and Carlson level
symmetric cubatures are next with the Tegmark cubature posing the most rapidly increasing one.

Table B.13 lists the weight distribution properties of the Lebedev-Laikov and fitted Carlson
cubature while Table B.14 lists the weight distribution properties for the Thurgood and Tegmark
fitted cubatures. The remaining cubatures do not have negative weight properties and thus are
eliminated from this discussion. As can be seen all of the cubatures in Tables B.13 and B.14
display different behaviors of the negative weights with increasing order. The Lebedev-Laikov
cubature only has negative weights at a few select orders. The fitted Carlson cubature displays
the worst distribution with weights rapidly increasing after order Sys. The fitted Thurgood
cubature has a trend similar to that of the Carlson approach, except the weights start increasing at
order Sy with a much slower pace than that observed in Carlson. Finally, the Tegmark cubature
displays a rather good, nearly equal weight distribution as the order is increased.
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Figure B.10. Number of Abscissas versus Resolution of the Cubature
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Figure B.11. “Order” of the Cubature for a Given Resolution
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Table B.7. Summary Information about Carlson Cubature in Gauss Library

CARLSON_EM CARLSON_LM CARLSON_EQUALW | PYRAMID_CARLSON

Resolution | Order |2n |4n | Order |2n |4n | Order |2=n 4n Order | 2=n 4n

0 2 4 8 2 4 8 2 4 8 1 4 8

1 4 12 24 4 12 24 4 12 24 3 12 24

2 6 24 48 6 24 48 6 24 48 5 24 48

3 8 40 80 8 40 80 8 40 80 7 40 80

4 10 60 | 120 10 60 120 |9 60 120

5 12 84 168 | 12 84 168 | 12 84 168 11 84 168

6 14 112 | 224 14 112 224 13 112 | 224

7 16 144 | 288 | 16 144 | 288 | 16 144 288 15 144 | 288
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Table B.8. Summary Information about Thurgood Cubature in Gauss Library
THURGOOD TN | THURGOOD LEASTSQ
Resolution | Order |2n | 4n | Order | 2n 4

0 2 16 |32 |2 16 32

1 4 36 |72 |4 36 72

2 6 64 |128 |6 64 128
3 8 100 | 200 |8 100 | 200
4 10 144 | 288 |10 144 | 288
5 12 196 | 392 |12 196 | 392
6 14 256 | 512 |14 256 | 512
7 16 324 1648 | 16 324 | 648
8 18 400 | 800 |18 400 | 800
9 20 484 1968 | 20 484 | 968
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X_DIR_LEG- DOUB_LEG-

LEG-TCHEBY TCHEBY TCHEBY TRI LEG-TCHEBY
Resolution | Order | 2n | 4n Order |2n | 4n Order | 2n 4n Order | 2n 4n
0 3 4 8 3 4 8 3 8 16 2 4 8
1 5 18 5 18 5 18 36 4 12 24
2 7 16 |32 7 16 |32 7 32 64 6 24 48
3 9 25 |50 9 25 |50 9 50 100 |8 40 80
4 11 36 |72 11 36 |72 11 72 144 110 60 120
5 13 49 |98 13 49 |98 13 98 196 |12 84 168
6 15 64 |128 |15 64 | 128 15 128 | 256 |14 112 | 224
7 17 81 |162 |17 81 |162 17 162 | 324 |16 144 | 288
8 19 100 | 200 |19 100 | 200 19 200 |400 |18 180 | 360
9 21 121 | 242 |21 121 (242 |21 242 | 484 |20 220 | 440
10 23 144 | 288 |23 144 | 288 |23 288 | 576 |22 264 | 528
11 25 169 | 338 |25 169 (338 |25 338 | 676 |24 312 | 624
12 27 196 | 392 |27 196 (392 |27 392 | 784 |26 364 | 728
13 29 225 | 450 |29 225 | 450 |29 450 |900 |28 420 | 840
14 31 256 | 512 |31 256 | 512 |31 512 | 1024 |30 480 | 960
15 33 289 | 578 |33 289 | 578 |33 578 | 1156 |32 544 | 1088
16 35 324 | 648 |35 324 | 648 |35 648 | 1296 | 34 612 | 1224
17 37 361 | 722 |37 361 | 722 |37 722 | 1444 | 36 684 | 1368
18 39 400 | 800 |39 400 | 800 |39 800 | 1600 |38 760 | 1520
19 41 441 1882 |41 441 | 882 |41 882 | 1764 |40 840 | 1680
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20 43 484 | 968 |43 484 | 968 43 968 | 1936 |42 924 | 1848

21 45 529 | 1058 | 45 529 | 1058 |45 1058 | 2116 |44 1012 | 2024

22 47 576 | 1152 | 47 576 | 1152 | 47 1152 | 2304 | 46 1104 | 2208

23 49 625 | 1250 | 49 625 | 1250 |49 1250 | 2500 | 48 1200 | 2400

24 51 676 | 1352 |51 676 | 1352 |51 1352 | 2704 | 50 1300 | 2600

25 53 729 | 1458 | 53 729 | 1458 | 53 1458 | 2916 |52 1404 | 2808

26 55 784 | 1568 | 55 784 | 1568 | 55 1568 | 3136 | 54 1512 | 3024

27 57 841 | 1682 | 57 841 | 1682 |57 1682 | 3364 | 56 1624 | 3248

28 59 900 | 1800 | 59 900 | 1800 |59 1800 | 3600 | 58 1740 | 3480

29 61 961 | 1922 |61 961 | 1922 |61 1922 | 3844 |60 1860 | 3720

Table B.10. Summary Information about Tegmark Cubature in Gauss Library
TEG_CORNER EQWT | TEG_CORNER LSQ | TEG CENTROID _EQW | TEG_CENTROID LSQ

Resolution | Order | 2n 4n Order | 2n 4n Order | 2n An Order | 2n 4n
0 3 6 12 3 6 12 3 10 20 3 10 20
1 5 21 42 5 21 42 7 40 80 7 40 80
2 9 46 92 9 46 92 11 90 180 11 90 180
3 11 81 162 11 81 162 |17 160 320 17 160 320
4 15 126 252 15 126 | 252 |21 250 500 21 250 500
5 17 181 362 17 181 | 362 |25 360 720 25 360 720
6 21 246 492 21 246 (492 |29 490 980 29 490 980
7 23 321 642 23 321 | 642 |35 640 1280 35 640 1280
8 27 406 812 27 406 |812 |39 810 1620 39 810 1620
9 31 501 1002 |31 501 | 1002 |43 1000 | 2000 43 1000 | 2000
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10 33 606 1212 | 33 606 | 1212 |47 1210 | 2420 47 1210 | 2420
11 37 721 1442 | 37 721 | 1442 |53 1440 | 2880 53 1440 | 2880
12 39 846 1692 |39 846 | 1692 |57 1690 | 3380 57 1690 | 3380
13 43 981 1962 |43 981 | 1962 |61 1960 | 3920 61 1960 | 3920
14 45 1126 | 2252 |45 1126 | 2252 | 65 2250 | 4500 65 2250 | 4500
Table B.11. Summary Information about COBE Cubature in Gauss Library
EVEN COBE EQ WT | EVEN COBE LSQ | ODD COBE EQ WT | ODD COBE LSQ

Resolution | Order | 2z 4n Order | 2n 4n Order | 2n 4n Order |2n | 4n

0 3 12 24 3 12 24 3 3 6 3 3 6

1 7 48 96 7 48 96 7 27 54 7 27 |54

2 11 108 216 11 108 |[216 |11 75 150 11 75 | 150

3 17 192 384 17 192 384 |17 147 294 17 147 | 294

4 21 300 600 21 300 |600 |21 243 486 21 243 | 486

5 27 432 864 27 432 | 864 |27 363 726 27 363 | 726

6 31 588 1176 |31 588 | 1176 | 31 507 1014 | 31 507 | 1014

7 37 768 1536 | 37 768 | 1536 | 37 675 1350 |37 675 | 1350

8 41 972 1944 |41 972 | 1944 |41 867 1734 |41 867 | 1734

9 47 1200 | 2400 |47 1200 | 2400 | 47 1083 | 2166
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Table B.12. Summary Information about Lebedev-Laikov Cubature in Gauss Library

LEBEDEV-LAIKOV
Resolution | Order | 2w 4n
0 3 3 6
1 5 7 14
2 7 13 26
3 9 19 38
4 11 25 50
5 13 37 74
6 15 43 86
7 17 55 110
8 19 73 146
9 21 85 170
10 23 97 194
11 25 115 230
12 27 133 266
13 29 151 | 302
14 31 175 350
15 35 217 434
16 41 295 | 590
17 47 385 770
18 53 487 974
19 59 601 1202
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22 77 1015 | 2030
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Table B.13. Weight Distributions for Lebedev-Laikov and Carlson Y," Fitted.

Lebedev-Laikov

Carlson Y," Fitted

Positive Negative Positive Negative
Pn | Number | Average | Number | Average | Number | Average | Number | Average
1 6 1.7E-01 |0 0.0E+00 |8 13E-01 |O 0.0E+00
3 6 1.7E-01 |0 0.0E+00 |24 42E-02 |0 0.0E+00
5 14 7.1E-02 |0 0.0E+00 |48 21E-02 |0 0.0E+00
7 26 3.8E-02 |0 0.0E+00 |80 1.3E-02 |0 0.0E+00
9 38 2.6E-02 |0 0.0E+00 | 120 8.3E-03 |0 0.0E+00
11 |50 2.0E-02 |0 0.0E+00 | 168 6.0E-03 | O 0.0E+00
13 | 66 19E-02 |8 -3.0E-02 | 224 45E-03 |0 0.0E+00
15 |86 12E-02 |0 0.0E+00 | 288 3.5E-03 |0 0.0E+00
17 ]110 9.1E-03 |0 0.0E+00 | 336 3.0E-03 |24 -4,0E-04
19 | 146 6.8E-03 |0 0.0E+00 | 440 2.3E-03 |0 0.0E+00
21 1170 59E-03 |0 0.0E+00 | 504 2.0E-03 |24 -3.3E-04
23 1194 52E-03 |0 0.0E+00 | 600 1.7E-03 |24 -5.1E-05
25 | 224 59E-03 |6 -5.5E-02 | 560 2.2E-03 | 168 -1.5E-03
27 | 248 4.2E-03 |18 -2.1E-03 | 624 2.7E-03 | 216 -3.1E-03
29 1302 3.3E-03 |0 0.0E+00 | 528 8.2E-03 | 432 -7.7E-03
31 1350 29E-03 |0 0.0E+00 | 744 8.1E-03 | 344 -1.5E-02
33 434 23E-03 |0 0.0E+00 | 648 2.8E-02 | 576 -3.0E-02
35 |434 23E-03 |0 0.0E+00 | 816 3.2E-02 | 552 -4.5E-02
37 |590 1.7E-03 |0 0.0E+00 | 800 9.6E-02 | 720 -1.0E-01

87




ANL/NE-14/5

PROTEUS-SN Methodology Manual

39 1590 1.7E-03 |0 0.0E+00 | 912 1.2E-01 | 768 -1.4E-01
41 1590 1.7E-03 |0 0.0E+00 | 984 3.1E-01 | 864 -3.6E-01
43 | 770 1.3E-03 |0 0.0E+00 | 1104 4.1E-01 | 920 -4.9E-01
45 770 1.3E-03 |0 0.0E+00 | 1128 1.1E+00 | 1080 -1.1E+00
47 | 770 1.3E-03 |0 0.0E+00 | 1224 1.5E+00 | 1176 -1.5E+00
49 1974 1.0E-03 |0 0.0E+00 | 1352 3.5E+00 | 1248 -3.8E+00
51 974 1.0E-03 |0 0.0E+00 | 1488 4.8E+00 | 1320 -5.5E+00
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Table B.14. Weight Distributions for Thurgood and Tegmark Y, Fitted.

Thurgood Y," Fitted

Tegmark Y," Fitted

Positive Negative Positive Negative
Pn | Number | Average | Number | Average | Number | Average | Number | Average
1 32 3.1E-02 |0 0.0E+00 |12 83E-02 |0 0.0E+00
3 72 14E-02 |0 0.0E+00 | 12 8.3E-02 |0 0.0E+00
5 128 7.8E-03 |0 0.0E+00 |92 1.1E-02 |0 0.0E+00
7 200 50E-03 |0 0.0E+00 |92 1.1E-02 |0 0.0E+00
9 288 35E-03 |0 0.0E+00 |92 1.1E-02 |0 0.0E+00
11 392 2.6E-03 |0 0.0E+00 | 252 40E-03 |0 0.0E+00
13 | 512 2.0E-03 |0 0.0E+00 | 252 40E-03 |0 0.0E+00
15 | 648 15E-03 |0 0.0E+00 | 252 40E-03 |0 0.0E+00
17 ]800 13E-03 |0 0.0E+00 | 492 2.0E-03 |0 0.0E+00
19 | 968 1.0E-03 |0 0.0E+00 | 492 2.0E-03 |0 0.0E+00
21 | 1152 8.7E-04 |0 0.0E+00 | 492 2.0E-03 |0 0.0E+00
23 1328 7.5E-04 |24 -7.3E-05 | 812 1.2E-03 |0 0.0E+00
25 | 1472 6.9E-04 | 96 -1.5E-04 | 812 1.2E-03 |0 0.0E+00
27 | 1656 6.3E-04 | 144 -3.3E-04 | 812 1.2E-03 |0 0.0E+00
29 | 1856 6.0E-04 | 192 -6.1E-04 | 1212 83E-04 |0 0.0E+00
31 | 1976 6.1E-04 | 336 -6.3E-04 | 1212 83E-04 |0 0.0E+00
33 | 2256 6.2E-04 | 336 -1.2E-03 | 1212 83E-04 |0 0.0E+00
35 | 2552 6.7E-04 | 336 -2.1E-03 | 1692 59E-04 |0 0.0E+00
37 | 2720 8.2E-04 | 480 -2.6E-03 | 1692 59E-04 |0 0.0E+00
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39 2952 1.0E-03 | 576 -3.6E-03 | 1692 59E-04 |0 0.0E+00
41 | 3248 1.4E-03 | 624 -5.8E-03 | 2252 44E-04 | O 0.0E+00
43 | 3488 2.0E-03 | 744 -8.2E-03 | 2252 44E-04 | O 0.0E+00
45 | 3840 3.0E-03 | 768 -1.4E-02 | 2252 44E-04 | O 0.0E+00
47 14088 4.7E-03 | 912 -2.0E-02 | 2892 35E-04 |0 0.0E+00
49 |4304 7.5E-03 | 1104 -2.8E-02 | 2892 35E-04 |0 0.0E+00
51 | 4752 1.2E-02 | 1080 -5.1E-02 | 2892 3.5E-04 |0 0.0E+00
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We note that the preceding cubatures are primarily focused on Cartesian geometries. In the
majority of the work done in this report, the focus has been on hexagonal geometry with 30
degree or 60 degree symmetry conditions. Under these circumstances, the use of a cubature
which doesn’t satisfy the symmetry requires more directions than one which does satisfy the
symmetry conditions. While certain resolutions of the square Legendre-Tchebychev can meet
these symmetry conditions, in general there is a need to add additional cubatures which satisfy
these symmetry conditions.

We also note that the preceding set of cubatures is not all inclusive and that there are many
other cubatures which can be utilized. To note, we can cite the work of Abu-Shumays [7], Heo
and Xu [8], Hardin, et. al. [9], and the HEALpix software [10]. The decision to include any such
other cubatures will be based upon the need and the potential benefit that can be gained over the
existing data in the library.
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APPENDIX C. REFLECTED BOUNDARY CONDITION

Reflected boundary conditions for the discrete ordinates methods generally produces a
mapping between the incoming set of angular directions and the outgoing set of angular
directions. For cubature which meet the symmetry conditions that are being imposed, this
mapping becomes a one-to-one mapping and is quite easy to setup. When the cubature does not
meet the symmetry conditions, more effort is required such that the boundary conditions can be
met. While it is entirely likely that existing reactors, which have 30, 45, 90, or 120 degree
symmetry, can be properly accounted for using existing cubature, the user must be very well
versed in the cubature that they are using. Moreover, if a new symmetry condition is
implemented other than those already mentioned, then cubature must be defined which can be
used in those applications. The more problematic issue is that when such symmetry conditions
are utilized and a one-to-one mapping routine is built, the geometry must be constrained such
that it agrees with the scheme employed.

To avoid these issues and make certain the code can be used in a general fashion; we decided
to implement a triangular interpolation routine on the surface of the sphere. In this manner, we
allow users to utilize the level-symmetric cubature of Carlson, which most users are familiar
with, for any problem they want to solve. To accomplish this we first had to build an algorithm
which would generate a triangular mesh on the surface of the sphere. We considered using
existing Delaney triangular routines, but we found that these routines were more focused on
producing well posed meshes and thus arbitrarily added directions. This obviously causes more
problems than it is worth and we constructed our own routine which was inevitably less efficient.
However, we have found that the meshing procedure we created is computationally irrelevant
(less than 1 second) on modern computational platforms for cubatures with less than 2000
directions on the sphere which is more than acceptable for neutronics problems.

A reflected boundary condition is typically defined on a flat surface and the cubature on the
sphere can be split into three sets: incoming, parallel, outgoing. The implementation approach for
how to deal with these three sets differs between the methods that utilize the cubature, thus we
focused on working on the assumption that the outgoing directed directions can only be
redirected to the incoming set of directions such that we can define the relationship

l//in = Z‘(ij l/lout,j l//n l//n
! l//in € Q ﬁ<0 V/out € Q 'ﬁ>0 (Cl)
:g) l//out : : h

Given this, we can postulate that at most three conditions will occur when an outgoing direction
is reflected as shown in Figure C.1. In all three situations we can compute the spherical distance
between the reflected outgoing direction (red dot) and the incoming directions which make up
the corners of the triangle. In the general case, we obviously want to specify weights which puts
the largest fraction to the closest point to the reflected direction which is guaranteed by using Eq.
C.2.

wlz—(LerLg) WZ:—(L1+L3) W, = (L1+L2) (C.2)
2(L+L+L) 2(L+L+L) 2(L+L+L,)

For the case when a line is intersected, we use Eq. C.3 and for a point intersection, we obviously

put all of the weight to the point that is intersected.
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(La+Lg) (La+Lg)
When Eq. C.2 and C.3 produce dependencies which are either self dependent or dependent upon
parallel directions, the remaining weights are renormalized such that these dependencies are
eliminated. We can obviously define a better procedure which is based upon an intersection area
rather than spherical distance, but the preceding one is computationally efficient and appears to
be sufficient for producing accurate results.

(C.3)

3 3 3
L3=O
L
? Lq Lo
Lq Lo
L1 Lo
1 2 1 2 1 ] ] 2
General Case Line Intersection Point Intersection

Figure C.1 The Three Possible Intersection Outcomes for a Reflected Direction.
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