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Abstract. Thecranked relativistic Hartree+Bogoliubov theoryhasbeenappliedfor a systematicstudyof thenucleiaround� � �
No, theheaviestnuclei for which detailedspectroscopicdataareavailable.Thedeformation,rotationalresponse,pairing

correlations,quasi-particleandotherpropertiesof thesenucleihave beenstudiedwith differentrelativistic meanfield (RMF)
parametrizations.For the first time, the quasi-particlespectraof odd deformednuclei have beencalculatedin a fully self-
consistentwaywithin theframework of theRMF theory. Theenergiesof thesphericalsubshells,from whichactivedeformed
statesof thesenucleiemerge,aredescribedwith anaccuracy betterthan0.5MeV for mostof thesubshellswith theNL1 and
NL3 parametrizations.However, for a few subshellsthediscrepancy reach0.7-1.0MeV. Theimplicationsof theseresultsfor
thestudyof superheavy nucleiarediscussed.

INTRODUCTION

Thepossibleexistenceof shell-stabilizedsuperheavy nuclei,predictedwith realisticnuclearpotentials[1, 2, 3] andthe
macroscopic-microscopic(MM) method[4, 5, 6], hasbeenadriving forcebehindexperimentalandtheoreticalefforts
to investigatethesuperheavy nuclei.Theseinvestigationsposea numberof experimentalandtheoreticalchallenges.
Onthetheoreticalside,noconsensushasbeenachievedonthequestionof whatarethemagicshellgapsin superheavy
nuclei.Thesituationis illustratedin Table1, wherethepredictionsof differentmodelsaresummarized.

Theaccuracy of predictionsof sphericalshellclosuresdependssensitively ontheaccuracy of describingthesingle-
particleenergies,which becomesespeciallyimportantfor superheavy nuclei, wherethe level densityis very high.
Variationsin single-particleenergy of � � � 	 
 MeV yield sphericalshell gapsat differentparticlenumbers,which
restrictsthereliability in extrapolatingto anunknown region.

The MM methoddescribesthe single-particleenergiesratherwell in known regions.This is dueto the fact that
theexperimentaldataon single-particlestatesareuseddirectly in theparametrizationof thesingle-particlepotential.
However, theextrapolationof the single-particlepotentialmaybe muchlessreliablesinceit is not determinedself-
consistently. For example,microscopicmodelspredictthat the appearanceof shell closuresin superheavy nuclei is
influencedby acentraldepressionof thenucleardensitydistribution[7, 8]. Thiseffect is nottreatedin aself-consistent
way in currentMM models.

Althoughthenucleonicpotentialis definedin self-consistentapproaches,suchasSkyrmeHartree-Fock (SHF)and
relativistic meanfield (RMF) theory, in a fully self-consistentway, thisdoesnotguaranteethatsingle-particledegrees
of freedomareaccuratelydescribed.This is especiallytrue becausethe parametersof the Skyrme forcesandRMF
Lagrangianswerefitted mostly to bulk properties,andtheaccuracy of thedescriptionof thesingle-particleenergies
is poorly known. Comparedwith theMM method,self-consistentcalculationshavebeenconfrontedwith experiment
to a lesserdegreeandfor a smallernumberof physicalobservables(mainly bindingenergiesandquantitiesrelatedto
their derivatives).For many parametrizations,eventhereliability of describingconventionalnuclei is poorly known.

In orderto fill this gapin our knowledge,thecrankedrelativistic Hartree+Bogoliubov (CRHB) theory[16, 17] has
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TABLE 1. Predictedmagicsphericalshellgapsfor superheavy nuclei.

Method
Proton

shell gap
Neutron
shell gap

Potential
in the MM method References

MM 114 184 Nilsson [5]
Woods-Saxon [4, 9, 10]

foldedYukawa [11]
Skyrme 126� 184 [10, 12, 7]
Gogny 120/126 172/184 [13]
RMF 120� 172 [12, 7]



Only the valuesappearingin mostof the parametrizationsarequoted.Some

Skyrme forcesindicate � � � � � (SkM*) and � � � � � (SkI3) asprotonshell
closures,while some(for example,SkP)predictno doublymagicsuperheavy nuclei
atall.�

TheNLSH (NLRA1) parametrizationsof theRMF Lagrangiangive(also) � � � � �
and � � � � � asshell closures[14, 15], but sincethey give a poordescriptionof
quasiparticlespectrain the deformed� � � � � massregion, we considerthese
predictionslessreliablethanthoseobtainedwith otherRMF sets.

beenappliedfor asystematicstudyof thenucleiaround� � � No, theheaviestelementsfor whichdetailedspectroscopic
dataareavailable.Thedeformations,rotationalresponse,paircorrelations,quasiparticlespectra,shellstructureandthe
two-nucleonseparationenergieshavebeenstudied.Thegoalwasto seehow well thetheorydescribestheexperimental
dataandhow this descriptiondependson the RMF parametrization.The detailsof this studywill be reportedin a
forthcomingmanuscript[18].

In the presentcontribution, we mainly concentrateon the resultshaving implicationsfor the studyof superheavy
nuclei.Particularattentionis paidto thecomparisonof experimentalandcalculatedquasiparticlespectrain deformed
nuclei and,basedon that,how onecanestimatethe accuracy of the calculatedenergiesof sphericalsubshells.One
canthen(i) judgewhich RMF parametrizationsprovide bestdescriptionof single-particleenergiesandthusarebest
suitedfor thestudyof superheavy nucleiand(ii) assesshow theRMF predictionsfor superheavy nucleiaremodified
if empiricalshifts for theenergiesof sphericalsubshells,deducedfrom thestudyof deformednuclei,aretaken into
account.

SHELL STRUCTURE IN THE DEFORMED � � �  ! MASS REGION.

Thestabilityof thesuperheavy elementsis dueto a ’shellgap’, i. e.a regionof low level densityin thesingle-particle
spectrum.The quantity " � # $ % & ' ( relatedto the derivative of the separationenergy is a sensitive indicator of the
localizationof theshellgaps.For theneutrons(andsimilarly for theprotons)it is definedas

" � # $ % & ' ( ) * � # $ % & ' ( + * � # $ % & ' , - ( )) + . $ % & ' + - ( , - . $ % & ' ( + . $ % & ' , - (
(1)

where
. $ ' & % (

is thebindingenergy.
Westudytheaccuracy of thedescriptionof shellstructurewith differentparametrizationsof theRMF Lagrangianin

thedeformed/ 0 - 1 2 massregion.Fig.1 comparesexperimentalandcalculated" � 3 $ % & ' ( quantitiesfor the
' ) 4 1 -

isotonechain.Theexperimentaldatashowsashellgapat
% ) 4 2 2

. Only NLSH describesthepositionof thisgapand
the " � 3 $ % & ' ( valuesagreeverywell. However, thequasi-particlespectrain Ref. [18] revealthatthisgapliesbetween
the wrong bunchesof single-particlestates.Calculationswith NLSH alsoindicatea gapat

% ) 4 2 5
, which hasnot

beenobservedsofar. NL-RA1 doesnot show any deformedgapfor 6 - 7 % 7 4 2 5 . NL3, NL1 andNL-Z give a shell
gapat
% ) 4 2 8

, in contradictionwith experiment.
For theFm
$ % ) 4 2 2 (

isotopechain,NL3 andNL-RA1 (NL1 andNL-Z) produceagapat
' ) 4 8 5

(
' ) 4 8 5 & 4 1 2

)
insteadof at
' ) 4 1 -

as seenin experiment;NLSH doesnot show a clear gap.Many effective interactionsnot
specificallyfitted to the actinideregion encountersimilar problemsin the descriptionof deformedshell gapsin the/ 0 - 1 2 massregion;seefor exampleRef. [19]).
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FIGURE 1. The ; < = > ? @ A B quantityfor thechainof A C D E F isotonesobtainedin theCRHB+LN calculationswith indicated
RMF parametrizations.Solid circlesareusedfor experimentaldata,while opensymbolsfor theoreticalresults.Theexperimental
errorbarsareshown in right panel.

QUASIPARTICLE SPECTRA IN ODD-MASS G H I J K NUCLEI

The fact that the experimentalquadrupoledeformationsof the nuclei in this massregion arevery well describedin
theCRHB+LN calculations(seeRef. [18] for details)stronglysuggeststhat thediscrepanciesbetweenexperimental
andcalculatedL < = M N O P Q aredueto inaccuratedeformedsingle-particlestateswith presentRMF parametrizations.
This, in turn, is dueto errorsin the positionsof sphericalsubshellsfrom which the deformedstatesemerge.Thus,
the investigationof the single-particlestatesin the R S T U V deformedmassregion canshedadditionallight on the
reliability of thepredictionsof RMF theoryon theenergiesof sphericalsubshellsresponsiblefor ’magic’ numbersin
superheavy nuclei.This is becauseseveral deformedsingle-particlestatesexperimentallyobserved in odd nuclei of
this massregion(seeTable2) originatefrom thesesubshells.

A properdescriptionof oddnucleiimpliesthelossof thetime-reversalsymmetryof themean-field,whichis broken
by theunpairednucleon.TheBCSapproximationhasto bereplacedby theHartree-(Fock-)Bogoliubov method,with
time-oddmeanfields taken into account.The breakingof time-reversalsymmetryleadsto the loss of the double
degeneracy (Kramer’s degeneracy) of thequasiparticlestates.This requirestheuseof thesignatureor simplex basis
in numericalcalculations,thusdoublingthecomputingtask.Furthermore,thebreakingof thetime-reversalsymmetry
leadsto nucleoniccurrents,whichcausesnuclear magnetism [20]. TheCRHB(+LN) theorytakesall theseeffectsinto
accountandthusaddressfor thefirst time thequestionof a fully self-consistentdescriptionof quasiparticlestatesin
theframework of theRMF theory.

TheCRHB code[17] hasbeenextendedto describeoddandodd-oddnuclei.Theblockedorbital canbespecified
eitherby its dominantmainoscillatorquantumnumberP or by thedominantW quantumnumber( W is theprojection
of thetotal angularmomentumon thesymmetryaxis)of thewave function,or by combinationof both.In addition,it
canbespecifiedby theparticleor holenatureof theblockedorbital.

Experimentalandcalculatedspectraof < X Y Bk and < Z [ Cf arecomparedin Fig. 2. This is thefirst ever direct com-
parisonbetweenexperimentandtheoreticalquasiparticlespectraobtainedfor deformednucleiwithin theframework
of theRMF theory. TheCRHB calculationshave beenperformedwith D1Sforce[21] in theparticle-particlechannel
andwith NL1 andNL3 parametrizations[22, 23] of theRMF Lagrangian.Sincetheresultsarediscussedin detail in
Ref. [18], only mainfeatureswill beoutlinedbelow.

Althoughthesamesetof quasiparticlestatesasin experimentappears,thecalculatedspectraarelessdense.This is
relatedto theeffectivemass(Lorentzmassin thenotationof Ref.[24]) of thenucleonsattheFermisurface\ ] M ^ _ Q ` \ .
While theexperimentaldensityof the quasiparticlelevelscorrespondsto \ ] M ^ _ Q ` \ closeto one,the low effective
mass\ ] M ^ _ Q ` \ a V b c c of the RMF theory[7] leadsto a stretchingof the energy scale.It hasbeendemonstrated
for sphericalnuclei that the particle-vibrationcoupling brings the averagelevel density in closeragreementwith
experiment[28]. In asimilarway, theparticle-vibrationcouplingleadsto acompressionof thequasi-particlespectrain



TABLE 2. Sphericalsubshellsactive in superheavy nuclei and their deformedcounterpartsactive in the d e f g h
massregion. The left column shows the sphericalsubshellsactive in the vicinity of the “magic” sphericalgapsi j k l f h m n k l o f p . Their orderingis given accordingto the RMF calculationswith the NL3 parametrizationsin
the q r qs t q l f h system(seeFig. 3). Although the gapsdependon the specific RMF parametrization,the sameset of
sphericalsubshellsis active with otherparametrizations(see,for example,Fig. 4 in Ref. [7]). Theright columnshows
the deformedquasiparticlestatesobserved in q u rr t Bk s v q [25] and q u r w q v sr x Cf s v s w s v y [26, 27]. The bold style is used
for thestateswhich might beobserved wheneitherprotonor neutronnumberis increasedby z l h ascomparedwith
thesenuclei.Thesymbols’N/A’ (not accessible)arefor thedeformedstateswhich typically increasetheir energy with
increasingdeformationandthusarenot likely to beseenexperimentally.

Protonstates Neutronstates
Sphericalsubshell Deformedstate Sphericalsubshell Deformedstate{ l | s t } q { [880]1/2~ l � s v } q ~ [770]1/2 { f � s s } q { [750]1/2~ � � s } q N/A { l � s y } q { � o � l � l � f~ � � y } q N/A n k l � � ——————–~ l � s s } q ~ [651]1/2 { � � s } q N/Aj k l f h ——————– { � � v } q { � � f h � l � f~ f � v } q ~ � g f l � l � f { � � y } q N/A~ f � t } q ~ � g f l � � � f , ~ � g � h � l � f�n k l o f ——————–~ l � s y } q ~ � � � f � g � f , ~ � � � � � o � f , ~ � � f � � � � f { f � t } q { � � f f � � � f~ � � s } q ~ � � h h � l � f { f � r } q { � � f f � g � f , { � � l � � o � f , { � � h � � � � f~ l � r } q ~ � g l � � o � f { l � s v } q { � o � � � � � f , { � o f g � l l � f{ l � s s } q { �

� l g � � � f , { � � f � � o � f

deformednuclei[29]. Thesurfacevibrationsarelesscollective in deformednucleithanin sphericalonesbecausethey
aremorefragmented[30, 31]. As aconsequence,thecorrectionsto theenergiesof quasiparticlestatesin oddnucleidue
toparticle-vibrationcouplingarelessstate-dependentin deformednuclei.Hencethecomparisonbetweenexperimental
andmeanfield single-particlestatesis lessambiguousin deformednucleiascomparedwith sphericalones[28, 31],
at leastat low excitation energies,wherevibrationaladmixturesto the wave functionsaresmall. Assumingfor an
estimatethat theeffective massjust stretchestheenergy scale,onecanshow that theuncertaintyof our estimatefor
thesphericalsubshellenergiesderivedfrom theenergiesof deformedstatescanbekeptbelow 300keV.

Fig. 2 shows that the calculatedenergiesof a numberof statesarerathercloseto experiment.On the otherhand,
theenergiesof somestatesandtheir relativepositionsdeviatesubstantiallyfrom experiment.For example,only NL1
givesthe correctgroundstate � � � � � � � � � in q v s Cf, whereasNL3 givesthe � � � � � � � � � . Detailedanalysisshows that
the discrepanciesbetweenexperimentandcalculationscan be tracedback to energiesof sphericalsubshellsfrom
whichdeformedstatesemerge.Thisallowsusto define’empiricalshifts’ to theenergiesof sphericalsubshellswhich,
if incorporated,will correctthe discrepanciesbetweencalculationsandexperimentseenfor deformedquasiparticle
states.These‘empirical shifts’ are shown in Fig. 3 as the energy differencebetweenself-consistentandcorrected
energiesof specificsubshells.It is importantto note that thesecorrectionslead to a deformed� � � � � shell gap
andto a larger � � � � � shellgap,thusimproving thedescriptionof theshellstructure(for example,the � q � w �

  � ¡ � ¢
quantities)in thedeformed£ ¤ � � � massregion.

IMPLICATIONS FOR THE STUDY OF SUPERHEAVY NUCLEI

In theNL1 andNL3 parametrizations,theenergiesof thesphericalsubshells,from which thedeformedstatesin the
vicinity of theFermilevel of the £ ¤ � � � nucleiemerge,aredescribedwith anaccuracy betterthan0.5MeV for most
of the subshells(seeFig. 3 where’empirical shifts’, i.e. corrections,for single-particleenergiesareindicated).The
discrepancies(in therangeof 0.6-1.0MeV) arelargerfor the ¥ � ¦ r } q (NL3, NL1), � � § s s } q (NL3), � � ¨ s v } q (NL1) and� � © r } q (NL3) sphericalsubshells.Consideringthat the RMF parametrizationswerefitted only to bulk propertiesof
sphericalnucleithis level of agreementis good.TheNL-Z [35] forceprovidescomparablelevel of accuracy.

In contrast,the accuracy of the descriptionof single-particlestatesis unsatisfactory in the NLSH andNL-RA1
parametrizations,where’empiricalshifts’ to theenergiesof somesphericalsubshellsaremuchlargerthanin NL1 and
NL3. NL-SH andNL-RA1 aretheonly RMF setsindicating � � � � ª asa magicprotonnumber[14, 15]. In thelight
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FIGURE 2. Experimentaland theoreticalquasiparticleenergiesof neutronstatesin ¯ ° ± Cf. Positive andnegative energiesare
usedfor particleandhole states,respectively. The experimentaldataare taken from Ref. [26]. Solid anddashedlines areused
for positive and negative parity states,respectively. The symbols’NL3’ and ’NL1’ indicatethe RMF parametrization.In each
calculationalscheme,attemptsweremadeto obtainsolutionsfor every stateshown in figure.Theabsenceof a stateindicatesthat
convergencewasnot reached.

of presentresults,thispredictionshouldbetreatedwith a considerablecaution.
The spectraof sphericalmagicsuperheavy nuclei arenot modifiedmuchwith empiricalshifts (seeFig. 3 for the

calculatedandcorrectedsingle-particlespectraof a ¯ ± ¯² ³ ¯ 120nucleus).Sucha studyrelieson theassumptionthatthese
corrections(whichessentiallyapplyto the ´ -shellsfrom whichspin-orbitpartnerµ -shells(µ ¶ ´ · ¸ ¹ º ) emerge)should
besimilar in deformed» ¼ º ½ ¾ massregion andin superheavy nuclei.Thecorrectedspectrafrom theNL1 andNL3
calculationsarevery similar with minor differencescomingfrom thelimited amountof informationon quasiparticle
statesusedin ananalysis.More systematicstudyof quasiparticlestatesin deformednucleiarerequiredto determine
thesecorrectionsmoreprecisely.

Let usconsiderthecalculationsfor the ¿ ¶ ¸ º ¾ , À ¶ ¸ Á º nucleus.Thecorrectedspectrastill suggestthat À ¶ ¸ Á º
and À ¶ ¸ Â Ã arecandidatesfor magicneutronnumbersin superheavy nuclei.The positionof the Ä Ã Å ² Æ ¯ spherical
subshellandthespin-orbitsplitting of the Ç È É Æ ¯ and Ç È Ê Æ ¯ subshellswill decidewhich of thesenumbers(or bothof
them)is (are)magic.The correctedprotonspectraindicatethat the ¿ ¶ ¸ º ¾ gapis large whereasthe ¿ ¶ ¸ ¸ Ã gap
is small.Hence,on the basisof the presentinvestigationwe predictthat ¿ ¶ ¸ º ¾ is the magicprotonnumber. This
conclusionis basedon theassumptionthat theNL1 andNL3 setspredictthepositionof the Ë ¸ Ì ² ² Æ ¯ and Ë Ç Í ² Æ ¯ Î Ê Æ ¯
subshellswithin 1 MeV error. The positionsof Ë ¸ µ ² É Æ ¯ and Ë º Ï ± Æ ¯ seemslesscritical, becausethey are located
well above this groupof statesboth in Skyrme andRMF calculations[7]. It seemspossibleto obtain information
aboutthe locationof the Ë ¸ Ì ² ² Æ ¯ subshell,which mayhave beenobservedthroughits deformedstateÐ Ë Ñ Ò ½ ¸ Ó ¸ ¹ º Ô in
superdeformedrotationalbandsof Bi-isotopes[32, 33]. An CRHBanalysismayprovide thiscritical information.

TheNilssondiagramsgiven,for example,in Figs.3and4 of Ref.[34] suggestthatspectroscopicstudiesof deformed
oddnuclei with protonandneutronnumbersup to ¿ Õ ¸ ¾ Â and À Õ ¸ Ò Ã may leadto observationof the deformed
stateswith Ö ¶ ¸ ¹ º , emerging from the Ë ¸ Ì ² ² Æ ¯ andË ¸ µ ² É Æ ¯ sphericalsubshellslocatedabovethe ¿ ¶ ¸ º ¾ shellgap
and from Ä ¸ × ² ³ Æ ¯ andeither Ä º Ø ² ² Æ ¯ or Ä ¸ µ ² Ê Æ ¯ subshellslocatedabove the À ¶ ¸ Â Ã shell gap.This will further
constrainmicroscopicmodelsandeffective interactions.
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FIGURE 3. Protonandneutronsingle-particlestatesin a à á àâ ã à ä å æ nucleus.Columns’NL3’ and’NL1’ show thestatesobtained
in theRMF calculationsat sphericalshapewith the indicatedparametrizations.For protonsystem,theenergy of the ä ç â è é à state
in theNL1 parametrizationis setto beequalto theonein NL3, which meansthat theenergiesof all statesin NL1 (last column)
areincreasedby 0.78MeV. For neutronsysytem,the energiesof all statesobtainedwith the NL1 parametrization(last column)
areincreasedby 0.76MeV in orderto have thesameenergiesof the å ê á é à statesin thesecondandthird columns.Thecolumns
’NL3 ë ì í ’ and ’NL1 ë ì í ’ show how the spectraaremodified if empiricalshifts were introducedbasedon discrepanciesbetween
calculationsandexperimentfor quasiparticlespectrain à î á Bk and à î á ï à ð â Cf. Solid anddashedlines areusedfor positive and
negative parity states.Sphericalgapsat ñ ò ä ä ó ô ñ ò ä å æ andat õ ò ä ö å ô õ ò ä ÷ ó areindicated.

No informationon low-ø states,suchas ù ú û è é à , ù ú û â é à , ü ú ý è é à and ü þ ÿ â é à , which decidewhether � � � � � or
� � � � � and � � � � � or � � � � þ aremagicnumbersin microscopictheories(seeRefs.[7, 36] andreferencesquoted
therein)will comefrom thestudyof deformednuclei(seeTable2).

The measuredandcalculatedenergiesof the single-particlestatesat normaldeformationprovide constraintson
thesphericalshellgapsof superheavy nuclei. In particular, thesmallsplitting betweenthe ù 	 
 � � � � � � and ù 	 
 � � � ú � �
deformedstates,from the ù � 
 ð é à and ù � 
 ã é à sphericalsubshellsthat straddleprotonnumber114,suggeststhat the
� � � � þ shellgapis notlarge.Moresystematicstudiesof thesplittingbetweenthe ù 	 
 � � � � � � andù 	 
 � � � ú � � deformed
statesmayprovidemorestringentinformationonwhetherashellgapexistsat � � � � þ .

CONCLUSIONS

The cranked relativistic Hartree+Bogoliubov theory hasbeenappliedfor a systematicstudy of the nuclei aroundà ð î No, theheaviestnuclei for which detailedspectroscopicdataareavailable.Thedeformations,rotationalresponse,
paircorrelations,quasiparticlespectra,shellstructureandtwo-nucleonseparationenergieshavebeenstudied.Thepart
of thisstudydevotedto theinvestigationof quasiparticlestatesandits implicationsfor thestudyof superheavy nucleiis
presentedin this contribution.It is concludedthattheenergiesof thesphericalsubshells,from whichactivedeformed
statesof thesenuclei emerge, are describedwith an accuracy betterthan 0.5 MeV for most of the subshellswith
theNL1 andNL3 parametrizations.However, for a few subshellsthediscrepanciesreach0.7-1.0MeV. Amongstthe
investigatedRMF sets,NL1, NL3 andNL-Z providebestdescriptionof single-particlestatessothey arerecommended
for the study of superheavy nuclei. The correspondingself-consistentcalculationspredict as candidatesfor magic
numbers� � � � � and � � � � þ for neutronsand � � � � � for protons.No significantshellgapis foundat � � � � þ .



Theseconclusionstake into accountthepossibleshiftsof sphericalsubshellsthataresuggestedby thediscrepancies
betweencalculationsandexperimentfor deformedstatesin the � � � � � massregion foundin ouranalysis.
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