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Abatract

A Btraight-line aode, which mnoriete of amignment, addition, and multiplicakion
stataments, in an abstraction of & sarial computer program to empute A function
with n inputa. {(iiven a serial straight-line code with W stataments, we derive an
alporithm that antomatieally evaluabes not only the funetinn but alea ite firet-coder
derivativen with respect tn the n inputs on a parallel computer. The bamic ides
af the algarithm in fo marry antomatic smmputatinn of derivabives with antomatic
parallalization of rerial programe. The algorithm requires Of Wy lng dV) sealar op-
erafinme, whera ([ %] in the tima smmplexty of a parallel multiplication of fto
denes V > N makrices and d cepresanta A mesmira of the eomplexity of the skraight-
lina rode. Although & can ba ecponential in W in the womt case, it tends to be only
palynnmial in N for many impeortant problemas.

Key wrnrder Automatic diffarentiatinn, forward mode, antonmatic paralldization,
arithmetic civeuit.

1 Imtradoctlon

Giwn A serinl compular progran Lo eompula & funelion, one ern apply Lech-
niquas of Aulamalie differantinlion Lo avaluale Lha fopelion sioullansoualy
wilh iLa Qral-ocder decivalives [6]. One can alao pacallalizs A saial eonpular
progeam aulomalically [3.9]. Lo Lhis nola, wa show how Lhase Lwo eoneapls can
be marriad. The resulling alporithm Lakes As inpul & sarial eode o A lune-
Lon and aulomalically evaluabes Lhe funelion and e Deal-oedar dearivalives
ob A parallal eompular. Parallal ealeolalion of highar-ordar darivalives hrsed

ob Trylor sarie axpanqion ean ba lound n [7).
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eiode khown as an arilhmelie eiveuil i inleoduesd. In See. 3, wa show how Lbe
cireuil ean ba adapled Lo A ao-called anpgmentad arilhmalie eiveuil in ordar Lo
ineluds derivaliwe inlormalion. In Sec. 4, Lranalormalions oo Lhe aughaenled
arilhmalie eireuil ara deseribed Lhal will be wasd for ils pacallel avaluslion,
which ia daseribad in See 5. The eeolling alporithen ia iloslealed by Ao oax-
ampila in Sec 6.

2 Convarslon of Stralght-Idma Code Inte an Arlthmetis Cirendt

A alraighl-line enda is A lnila saquances of alamanLary oparalions wilhoul lops,
condilionala, heanehing o aubroulioes. Suraighl-ling eode may ba conaidarad
ah ahalraclion of more eomplicabad progeams. Mora precisaly, Lhay papresant
A Ltaca of A parlicular run of A progeeam provided apeecille values Tor Lha inpul
virinbiled Ara givan, A alraighl line eode bas no branehes or jumps of any Lyps;
Lhal ia, awary Loop is unrallad , avary eondilional sLalameant s replased by Lha
Appropriale branch  and awary aubeouling ia inlined. This nole 8 eonearned
wilh alraiphl-ling eodes in which avery alalemant s of one of Lha following
Lhraa forms:

(i) «k +~n
(ii] 2 ¢ 2542y
(ii] 2 + 25 -2y,

whare «; and y Ara pravioualy dellned variables and ¢ € B s A conalanl. For
Lhe anbka of simplicily, wa rasuow Lhal, in &oaleaighl-ling eode, asch varinbla
bas only one resignovanl. This assumplion oy lasd Lo leamandous growlh of
Lha numbear of vaeiable bol presarves wniquaness of Lhe lall-hand aidea.

Hlraighl-ling eode ave comenonl y rapreasantad by grapha, khows e aeilhmalie
cirenila. Formally, an erfthinelie sdoenil i3 an adpge- and nod e-weaighled direclad
Reyelie graph & = (X, & g} wilh asal of nodes X and asal of edpes & Lhal
ara waighlad by Ltha funelions g and o reapeclivaly. The gal of node X ia Lbe
digjoinl union of Lhrea difarant kinds of nodes, hamaly, X = LU A 0 M,
whara L danole Lha sal of Lanws, A Lbe sal of Addilion nodes, and M Lbe
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Fig. 1. Taking (24, %23) = (#.2] an input, the atraight-line mode and it assoeiabed
arithmetic cirenit smpute 2 and 2 given by (1) and (2], respactivd

sal of M uluplicalion node. Tha node of Lhe arilbhinalie cireuil salialy

indegrea(f} =0, Wi€d,
indegreafa} >0  Yocd,
indegrea(rm} =2, Yo M.

Lal &Y danola Lha numbear of alalamanta of Lhae awraighl-ling eoda. Wilh av-
aty alalaowinl of Lha alrrighl-ling enda, A noda is aesocialed . Tharalore, av-
aty lafl-hand sida varinble ean ba Lhooghl of a3 & node, and salling X =
{21, 23,25, .. 25} 8 appropriate. Al adgees of Lhe arithralic eirenil ara di-
taclad awhy [om lanwa. Thare i an adpea Ceom nodea 25 Lo woda 2p whanewar 25
i An inpul Loy Bolh nodes and adgen ave weaighled

Tha [ollowing exaraple, depiclad in Fig 1 ia hotrowasd [eoam [B]. Givan A
alraighl-ling eode, Lhah one ean eondlruel Lha eocreaponding arilh melie eie-
euil by asaoeialing A hoda in Lha eirenil wilh awary slalamanl in Lha eda.
Kolica Lhal Lha noda Lypes ara dilfaranl and eoceeapond Lo Lha Lhees kinda of
sLalamanla and Lhal adpes are wsed Lo propagale Lhe appropriale inpol Lo An
operalion. The eoda and Lhe arilhalie eirenil pvan in Lha Dpues compula A
funelion [ anlislying (25 29} = [l2q,22}, whera

£g =40 + Baaa + 2465 + 1 + %3 (1}
o :ﬁ—l—ﬁﬂ',-?ig—l—&ﬂj:‘i:g-l-‘hg ':2}

In [B, Bae. 2.6], il ia ahown bow Lha lunelion [ ean ba avalualed in & pood yloga-
rithmie numbar of paeallal alapa vaing a eompular whose nalwock aeehilaclira
s A ao-called Lhras-dimwnsional mesh of e, Tha algorilthm givan Lhare ia
quile panaral in Lhe sange of baing able Lo bandle rddilions and ol plics-
Linns ol only ower B hul ower any comonulalive samiring whara Lha Larms
“addilion™ and “mulliplicalion” aea inlarprabed approprinbaly. 1L eonaibla of



3 Aupmenting an Arhbhmatic Clrendt wdth Derivative Information

Supposa Lhal A alraighl-line soda for Lhe eompulalion of & funelion [ Lakes w
indapendanl variablea pa inpol and prodoes some dependent variables ae
oulpul. Furlharmora, raume Lhal bol only Lha funelion [ avalualed Al apeeille
inpul valuea is aoughl bul alse ilg Jacohinn evaluabed AL Lha arme inpol. Do
Lhig and, Lha arithmalie eirenil skalehad in Fig 1 s augmanled wilh darival w
informalion. Whila Lhe alroeluras of Lha eirenil ramaing unehanged | Lha noda
and adpge waighls are modilled Lo propagale Lhe derivaliv infoemalion. The
reaulling praph is ealled An augrnenied erithomeids s

Wilhoul loss of panaralily, A aleaighl-ling eoda can ba arrangad sueh Lhal all
amignnwinla of Lhe lorm g « e ave givan al Lhe hapginning. Forlbarmea, Lal
Lha Oral w eondlhnl rmignmenla rapresanl Lha inpul values for Lha funelion.
For axampla, i [z} = 4 1, Lha awrnighlding eoda evalualing [ al =7 ia
givan by

9+ T
a1
Ty — 29+ 23,

whara n = 1 and | owora impoclanl, Lha ovder of Lha Dral Lwo assignnwnla s
delarminad by Lha abowa reaumplion. The eonalanls involved in Lhe [unelion
aval LaLion ara aasocinled with Lhe laawss of Lha eireuil, wharans Lha addilion
and raulliplicalion oparalions inlrodoes bode of eocreponding Lypa. Mova-
ower, ealeulalion of derivaliwes wilh respacl Lo v inpuls gives rise Lo Lha prop-
Agalion of pradianl weelora wilh dimension v, s 18 pallecled i Lbha eoneapl of
douhlals. Tha lunelions g0 X — D and 7 £ — D ara used Lo danola noda
waigghla and adpe waighla, rapeclively, whara Lhe gal D =& x RB™ ia Lha aal
of dawhlels.

Tha use of doublals arises [rom Lhe nead Lo alore inlarmadiale valoes during
Lhe aipnullaneous eompulalion o f and ila Jacobian. A doublel 8 & paie
denolad by aquare hrackala, wilh A funelfon perl and an associaled grediend
parl, 1w = [1f,00%] ia & doublel, Lhen +F € B ia used Lo ralar Lo aoma



u¥ = w¥ | vV (4}

Lhal i, Lha saparale addilion of funelion and gradianl pacl. The prodoel of
Lo doublala v and e ia dallhed by v =« 8w, whara

wf = o o (4}
u* = vl Lwfy¥ (6]

Hare, Lha geadianl pael ia dellbad in & peoduel role-like mon nae.

Kola Lhal both addilion and molliplication on doublals ara eomon Lalive and
Rsaneialive. Furlharmora, Lha oparalion ® distribules owr O om lafl and
[rotn righl: in olher words, lor all 4w, € D Lha ralalions

w@ (#Dw} = (e@Re}DkBw}  and (o iDrin} Bve = (& & oe} D (40 B e}

bold. Hanea, Lha Lriplel (DD, @} 8 A commulalive samiring (1], and Lha
Alpocithm givan in [8] s applicabla. Tha doublal [10y] i Lhea molliplicalive
idanLily alamanl in D, whare O, danoles Lha w-diansional sar waelor. Tha
doublal [ 0] ia Lhe addiliw ideslily aamant a9 wall As Lhe ol liplicalive
atrorbanl in I For Lhe aaka of hreavily, tha douhblel [(,0,] s haranllar ralaread
Lo Af Lhe zers dowhlel

Lal & = B™ danoke Lha ith Carlesian unil weelor, and recall Lhal o danole
Lha eonalanls assignad Al Lha beginning of Lha alraighl-ling eode. Than, Lha
inilial noda and adpe waipghla of e auganlad aeilbhalie civeuil ara givan by

plas}=lsa], Vi el fori<n, (7}
plag} = [rg, g, Fa; o L Loré >, (8}
plag} = [3,04], Fagc AL M, (9}
‘T':E]':[l;nn]; e < K I:lﬂ]'

Il & leal eoreaaponda Lo Lha iLh inpul Lo Lha lunelion, Lhal ia, & variabla of Lha
funelion whose darivalive ia by ba evalualed, Lha gradienl pael of g dooblal
in inilinlisad Lo Lhe éLh unil welor: olbharwise, Lhe gradianl parl s inilinlised
Lo Lhe waro weelor. Addilion and mulliplicslion node ave el Lo Lha wears dou-
hlal. Edpea are weaighled wilh Lhe molliplicalive idenlily aemant in O, The
inilialized Augmanled arilbinalic cireuil ralaled Lo Lha axampla givan in Fig. 1
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Fig. 2. (iiven the arithmetic ciccnit fiom Fig. 1, ite angmented arithmetic ciremit is
initialized anrnoding to (71— 10)

in depiclad in Fig. 2, whara, [or Lhe aake of elarily, addition and swlLplics-
Lion wodes ara labaled sellecling Lhair Lypa palthar Lhan wilh Lhaie inilial node
wiaigghla, Lha waro doublal,

Tha algorithen Lo ba presanted in Lhia nole ean be adequalaly deseribed by
tnannd of linane alpabiea axprasaions ibvolving naleios and weelors whose an-
Lries ara rudilled Lhroughoul Lhe eourae of Lha algorithm. Reeall Lhal 1Y da-
boled Lhe numbar of nodes of Lhe augenan Lad arilhmelie eirenil. Than, an Ay
tnalrix of adpe weighla, W, ia inleoduesd. Tha (4,7} aoley of Lhis malrix ia da-
Onead Lo be ey}, Lha waighl of Lhe edge hal wean node ; and node . I Lhara
i# b0 adpge balwean Lhesa nodes, Lha eorveaponding malrix anley 8 a4l L Lha
ward doublel. Kole Lhal, [vom Lha above sonaleuelion of Lhe eireuil, Lha ma-
Lrix W is uppear Leinngular wilh waro doublals along Lha dingonal. 18 nonsaro
anlrien arainilially givan by (W0}, Forlbharouora, wa inleod wea an Y -di swnaional
weclar of noda waiphla, v, whose dlh eomponant ia givan by g}, Lha waighl
of noda ;. Thia veelor (4 inilialiwed Aesording Lo (TH(9).

Tha eomplaxily of Lha algorithm presaniad in Lhis nole will ba deseribed in
Lartd of A paramalar of Lha alraighl-ling eode and ila augoaanled meilhmalie
eirenil. IL ia usaful Lo inlrodues Lhia paeamelar bare while having Lhe eiveuil
of Fig 2 in mind. The demee af ¢ nede i5 dallned indoelivaly. The depres
ol & lanl ia 1. Tha depres of an addilion noda s Lhe asimom degres of iLa
inpula. The degras of A mulliplication node s Lha aum of Lhe degres of iLa
inpula. For inalanes, Lha degees of noda g i 2 and Lhe degres of noda v ia 3;



4 Transformatiors en tha Avgmented Arithmetie Clrendt

L inalanlialion of an augraanled aeilhmelie eiveuil, Lha waighla of Lhe
laaves ara doublala, Lha Qral s of which ean ha Lhoughl of as inpula Lo Lha
cireuil. Wa ahall avaluala Lha eiveuil by eare ying lewaed Lhesa doublala waing
vapaaled applicalion of Lhres alameanlary proeedure: s, sarF, and ADD.
Allar anch ilaralion of applying Lhase Lhres prosedures, Lha resulling graph is
alill an augraanled Aeilhowlie eireuil wilh Lha aame sumbar of ode. Hiw-
avar, Lhe waighla of bolh nodes and edpes may be owodilled. The Lypa of A
bnde tny Awileh oo A mwlliplicalion poda Lo an Addilion node and Gom an
addiLion noda Lo & beal. Jimilarly, an adge waiphl ey chan e Tom & bk e
douhlal Lo A xara doublal, harenllar rafarrad Lo aa Lha delalion of an adpa, and
obe iy changa [rom A waro doublel Lo & bonsaro doublal, eeanling an adga.
Evanlually, all adpes will ba delaled, and all nodea will beeoma laaves wilh
waigghla eonlaining Lha desivad Tunelion abd darivilive Dofor ol ion.

Tha Lhrea procedures L ha deseribad oparale simollaneoualy oo all nodes
of Lhe cireuil and will ba illualraled by Opuees. 1o Lhesa Dpures, reclangle
denola lenves; while cirelen aea usad Lor addilion and mwliipliealion podas;
and preay-shaded cireles aland [or hodes of Aoy Lype, Lhal 9, laaves, addilion,
of mulliplicalion nodes. The sl aleaighllorwaed of Lbe Lhres proesduses ia
iluatraled in Fig. 3. The proced ura ADD avaluales Lhose addilion nodes o in
parallal whoss inpula are &l laaws. Hanes, Lha Lypa of & bode 2 3 changed
[romn an addilion noda Lo & leal. The waighl of Lha new leal 5 i3 Lhe auen of
All inpul noda weighls, w5, sealed by Lha inpul adpe waighls, e Lhog

o} = Pl ®vs} (11}
i

Allar Lbe baw waighl of node 2 ia assipnad, All ineoming adpe ara sal Lo Lbe
ward doublal, Lhal is, all ineoming ads ara delaled.

Tha applicalion of Ano can ba loemulaled in s of Lha weelor of noda
waigghla, v, and Lhe malric of adpge waipghla, W Kecall [rom Lhe dafnilion
ol v Lhal Lhe noda weighla, w5 in Fig 3 ave Lhe aolries of v Al podilion
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Fig. 3. Application of ADD oo an addition aode s whoss inputs ara all leames
evRluaten x;. changes ita type tn A leaf, and deletes all inenming edges.

L i=12, .., Sirilaely, [om Lha dallsilion of W Lhe adge waighla, s, mea
Lha anlries of eolumn & of WAL podilion & la i = 1.2, 3 An inlerpralalion
of Lha Lranalormalion of Lha cireuil based on simullaneously applying (11} Lo
all nodes 2p whoae inpula are all leaves i Lharalora aa Tollowa: Lha weelor of
noda weighla ia updated by Lha malrix-veelor mullipliealion v « WTv whara
Rddilions and mullipliealions aea axecuLed ob doublals; in addilion, Lhe malrix
ol edpa weaighla i rud iled only AL earlain anlrie Conssquanl y, applying AnD
ia no hardar Lhan enmpuling a maLris-vaelor mullipliealion, Wy in pacallal

Tha procadure surT s weed Lo simollaneoudy handla mullipliealion nodes
Abd I8 depicled in Fig 4. Qoly Lhoae mulliplicalion nodes Lhal bava al leral
obe leal A inpul ara Leanaloried by T Lhal ia, any molliplicalion wodea
Lhal hag o inpul feom & leal is sitaply ignored in Lhis Leanalormalion . Assume
Lhal oo inpol of & mollipliealion node 2 18 & leal, aay 25, and ona 8 Ao
arhilrary node, say 25 ‘Than, Lhe adge [rom 25 Lo 2e 8 remuwed , Lhe adga
[roon a4 Lo 2y i3 waighled by Lhe waighl o5 of Lhe leal 25, and Lha Lypa of 2
in chrnged Crom a mollipliealion soda Lo an addilion node. We nole Lhat if
holh inpuls ara laaves, & rule ia required Lo delarming which noda is ranowad.
Wa haws chosan Lo paws Lha adpe balwean 27 and 2g, whara § < § bul olbear
rules ara posaibla.

Tha alecl of surT in barms of v and Wois as lollows. Sines node waighla aea
bol modillad, Lha welor v remaing unehangad . The dalalion of edpges and Lha
Asaign nwinla [roon boda weighla Looadpe waighla correpond Lo an updale of W
Low apaeile anleie.

Tha eircuil ean ha avaluabed eomplataly by applying Apo and sMUET in AR
Allarnaling [ashion. Howavar, long addilion ehaing in Lha eireuil would ba
avalualad ralbar inallicianll y hocauss ATD ean ba applied only Lo bode whoss
inpula ara all lenws. Hanea, paelial aums occuering in Lhe avalualion of long
addiLion ehaing ara enrried [orward linaarly wilth Lhe lenglbh of Lha céhaing,
1L would he desirable Lo edlapss long addilion eéhaing inbe chaing of aboul
ball Lha langlh Lo anabla logarithmie eomplaxily in avalualing long addilion
chaing. Tharalore, & way of making available Lha inpul of Ao addilion woeda Lo
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Fig. 4 Application of MITLT on A multiplication node o with af least ona leaf an
input delates the ineming edge from the leaf, transfem the leaf's waight to the edge
fremn the arbitrary node to 2, and changes =5's typa to an addition noda

iLa predecsane in Lha eirenil ia soughl. Rouphly apeaking Lbal addilion wode
in akippad owar. Tha proeed Lra SKIF sarwa Lhal purposa by Leanalorming Lhosa
Rddilion nodes Lhal Lhamsal wia poinl Lo rddilion bodes, As ia shown in Fig 5.
This procadure doas nol avaluale aony noda bul rearranges adpges so Lhal Lha
bexl applicalion of Ao may avaluale signilleanlly move addilion nodes. For
anch pair of addilion nodes 27 and o5, Lhe proeedure s1aF ramoves Lhe adge
[roon iy Lo 2y, And inlrodues naw edges fom arch of 25’8 inpul hodes 25 Lo
bide 2 for § = L2, 5 A baw adpge Do 2, Lo 2 18 waighled by g &,
whara w19 Lhe waighl of Lha adpge baing ramosed.

HSimilar Lo MurT, Lhe procedure sk dos nol chanps Lhe welor of noda
waigghla. "o aea Lha alleel of =xir on Lhe malrix of adge waighla, W, whosa

anlrien will badanobad by g in Lha Iollowing discosaion, wa delne Lha malrix
of adge weaighta linking addilion node axelusivly. Lol W = (@d]} ba Lhis

*5 Ty
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Fig. & Applicatinn of SEIP to A pair of addition nodes 25 and x5, delebes the adge
fram =y to z; and introduces A new elge fom each of zp's inputs fo =z that in
wrighted by the product of the carresponding inpuf edge weight and the waght of
the sz heing remered .



ALTLLIAL Y AOLIY i i LIW LIALLIX 4l edpe wWhlpILE e[l LIDE LOA eddpfa LTl
bode g Lo bode 2 and aludy g’ Leanaformalion by Lhe proeadure sar.
Il g 08 bol an addilion node Lhe anley g pamaing unehanged. I 2g i3 An
AddiLion noda and Lhare i AnoLher Addilion noda g LhAL poinla b, wilh edge
weigghl ' and Lhare is An edge [rom 5 Lo 27, Lhan Lha new adge balwean o
and zg inleoduesd by sk i weaighlad by m;_,—@mf},. Surnrning owver all poasitila
addiLion nodea 27 landa Lo a Larsn WWT a0 LhaL, in aumamary, Lhe updalae of
Lhe malrix of adpga weighla for Lha applicalion of SKF 8 rapresanted by

W W — W Wl

whara aublraclion, addilion, and molliplicalion of malries ara Lo ba wndae-
glonrd in Lhe usual sense bul oparaling on dooblals ealher Lhan on sealars.
Tharalora, Applying s1ar ia oo baedar Lhan eomapuling a paeallel maleix-malrix
pnulLipliealion.

§ Parallal Evaluation of tha Avngmeonted Arithmetic Clrenit

Tha Lhres Leanalormaliong inleoduesd in Lha preceding seclion ara now wsad in
A parallal alporithm o avaluale Lha [unelion msocialed Lo Lhe fgvan alreaighl-
litw eneda Along wilh ila Jacobian avalualed AL Lhe saoe inpol. YWe hava alraady
tnanlioted Lhal Lhe aupoaenled aeilh oelic eirenil ecan ba avalualed by applying
ADD and »uwrT in An Allarnale [ahion. The purpoaa of SKaP Qs Lo raarcrangas
Lha adipas of Lha eireuil, anrbling Lbe avalualion of A many addiliosn nodes As
poible; Lharalora, SKIr can ba reparded a8 & praproceming auap lor ADo. The
complala alparilhon follows from propaely arranging Lha Lhraa Lrangformalions:

Algorithm 1
rapaat
apply procedurs suzT
apply procedurs skmr
Apply procedurs Ano
il eiveuil is avalualed

Parallaliam is obLained by uaing parallal implemsnlalions of Lha linaar algabiea
operaliong eacpeponding Lo Lhe Lhras proced uren. 'The L eompilaxily of Lbe

1}
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PROOF. Tha above alporilhm s a modillealion of Lhe algorilhm givan in [8,
See. 28] with a parlicular choies of Lhe samiring. Specilleally, tha nombar of
ibaraLiong wilhin Alg 1 neaded Lo evaluale Lhe eireuil s Lha aama, bamaly,
N logad N} Tha owvarall eomplaxily of A aingle iLaralion wilhin Alg 1 s givan
by Lha maLrix-maleis molliplicalion WWY whosa Liow eomplaxily s O My}
prowidad Lhe anlrie of W are Lakan [om B (La., scalar anleid} Tha raaull
Lhan [ollowa [rom obsarving Lhal, by (316}, addilions and molLipliealions on
douhlala raquire Al moal 3 4 1 aealar opacalicna on B, O

An addilional leval of paralleliam ean ba axploiled Lo ramow Lhe dependanes
ob v ib Lbe abowa eousl. Lo parlicular, aos ern decomposas & doublal eongialing
of A gealar funelion parl d an se-dimwnaional gerdianl pael inbo s veduesd™
doublala anch baving aoacalar linelion pacl and & sealar pradianl parl. Hanea,
obe can raplicala Lhe funelion informalion seeord v odilranl eolleclions of
procagaord by aloring redueed doublals on anch eolleclion of prosesoaes. By
Alnullaneoualy parlorming v maleix-malrix owlliplicalions besed oo Lhase
taduced doublala, one Achiawes O My logrd} AL Lhe eoal of ineransing Lha
numbar of prosesaor by A [elor of v which ia asumed in Lbe remaindar of

Lhia seeling.

In Lhe wioral chsa, Lhe depres d can ba exponentlial in & lerding Lo & punning
Litne of O My log V). Fae oy prroblams, d 8 polynomial in & leeding Lo
R running Lime of O My Log Y}

Tha Liow complaxily of oualeix-malrix oullplicalion OO0y} 8 aleongly da-
pandanl on Lha eompular archileelura vsad. Dakal, Kassimi, and Sahni hava
ghown Lhal, wilh & PRAM pwsdal, Lhis oparalion ean ba parformed wilh a
running L of Oflog 5N} pequiring (N processors [4]. Thia yields & lower
hound on Lha Lime eomplaxily for eompuling derivalives: QN Lo N} in Lha
woral easa, and inaply Q(lop® N} in many imporlanl chaes. In Lhe ease whare
Lha numbar of prosessor, o is sipnilleanll y less Lhan Y, malrix-malris ol Li-
plicalion haa A running Lime of GV fi), yielding eorrespooding eooplaxi lies,
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bvde and adpe waighls during Lha sowraa of Alg 1 s givan in Fig G For aim-
pliei Ly, adgeen waighled by ollipliealiw idenlily alamant on doubleta, [1 (83,
Ara represanlad in Lhis Opoee wilhoul labal, and Lhoss adpes waighled by Lha
wiro doublal ava ool drawn.

Tha algorithn heging wilh Lhe prosedure soonT, bul sinea none of Lhe oaol-
Liplicalion nodes hra Al laral one leal Ra inpul, Lhia opacalion doe oolhing
Tha lral applicalion of Lhe procedurs ske Onda Lwo prics of addilion nodas.
Congidering Lhe Dral pair 23 and 2., nolica Lhal the adpa balwean Lheasa Lwo
tuvdest 18 dalaled And Lwo naw edpea poinling Ly ave inleodoesd | one Dom
and mnothar [Fom 25, Bolh new edpes are waighled by Lhe produel of ool-
Liplicalive idanlily aleownla [1,(8) € D. The seeond pair of addilion node
in 2y and 2. The adpe connacling Lhesa nodes i ramowed, and Lwo new adpe
[rom 2y and 23 Are eraaled Lhal bolh poinl Lo 2.

Tha Qral applicalion of ADD avaluale Lhe nodes 2y and 2, whose Lypaea aea
chanpad Lo lanwes. Addilionally, all Lhair ineoming ediees are deleled. Noliea
Lhal Lhe addilion oode @ ia ool bvolved in Lbe Oral ADD bheeausa ona of ila
inpula, zg 8 nol & leal

Tha lollowing somr has an allacl oo 26 and 2 becauss Lheta node holh hava
AL lamal one leal as inpol. Bolh nodes ave ehanged Lo addilion node, and Lba
adpea are Leanalormad aa Lollows. Onea inpul of Lhe noda 2; 19 & leal and one
i pol. A3 A redull, Lbe ineoming adge Dom Lhe Leal 2, i9 saoaowed, and Lbe
ineomning adpa [eom Lhe honleal 2. 19 asaigned oo weighl aqual o Lhal of 2. For
Lha node 2y, bolh ibpula aee larwes, Following our heurialic, wa ramws Lhe
ineoming adga [om 25 and radipgn Lhe waighl of £ Lo Lha ramaini ng i neoming
adpe [rom 24

Theoupgh Lha eoutaa of applying sxar e Lhe aecond Linne, Lwd paita of nodes,
25 and 25 B weall a8 2 and 2p, Are aneounlarad. The oulpoing edpes from g
Aba delaled, And Lwo bew oulgoing adpe oo 2y ava inleoduesd, ooa Lo @g
and anolhar gy, The waighla of tha new adpge ara givan by molliplying L
waighl of Lha ineoming adga [B, (1}], with Lhosa of Lha eorreaponding adgees
bieitige pemiwd .
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Fig. 6. Applicatinn of Alg. 1 tn theaugmented arithmetic cieenit whosa initialization
in shen in Fig. 2. The reault is the function given by (1] and (2] and ita Jashian,
bath evaluated at (z1. 2a) = (§.2].
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and eompuling noda 2, which 8 unnecessary baeaosa il eorresponds Lo An
inLarmediale valua and nol Lo an oulpol of Lhe Tunelion.

Thesa reaulla agrea wilh Lhose oblainad [rom analylically difarenlialing (1}
and (2} and avalualing Lhan Al Lhe aame inpol, haonel y,

%oz = 85; g%ﬂ = 1%, %‘ =27,
1 g2 e, )

27]ga25 = 800, o =, %‘ — 420,
1o &,

T Summary

Giwn a lunelion in Lhe Toem of & sarinl slraighl-ling eosde, one can eotnpila
detivalivea of Lhia funelion ib & parallel and mulomalic hahion. Tha kay ia Lo
tnarty aulomalic difaranlinlion and aulomalie paeallalizalion. The alporilben
Lo Lhis Lask is derived [rom A represanlalion of Lha aleaighl-ling aoda in Larms
o an arilhmalie cireuil. The arilhowlie cieeuil @ augraanled wilh darivaliw
informalion. "The [unelion and ila derivaliwe are avalualed by Lranalorms on
Lha ariLhrnalic eirenil. Thesa Leanalormalions, in Luen, ara deseribad by basic
litwnr alpgabra oparaliong whiss parallel eveeulion laads wo Lha Liowe eompilax-
iy O My logd N, whara O{ My} is Lha Limae eomplaxily of A parallal mulLi-
plicalion of Lwo danse Y 3¢ & malries and d 8 Lha degrea of Lhe arilhmalie
eireuil.

Aclmewlad pemeonta

Wa Lhank Gail Piepar Lor har aupgmealions, which improved Lha randahbilily of
Lhia puanuaeripl. This work was parbormed while Lhe Dral aulhor waa visiling
Lha Malhamalica and Compular Seianea Divigion, Argonne Nalional Labora-
Lory, LEA. The wirk was aupporled in parl by Lhe Malbamalieal | Informalion,
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